











~~ 





BUREAU OF STANDARDS 


U. S. DEPARTMENT OF COMMERCE 





JOURNAL OF RESEARCH 











Vol. 4 FEBRUARY, 1930 No. 2 
CONTENTS 
z 

RP. No. TITLE AND AUTHOR Page 
140. Standards for testing magnetic permeameters. Raymond San- 

I ce ee ee 
141. Ultra-violet reflecting power of aluminum and several other 

metals. W. W. Coblentz and R. Stair___________- Sapam 189 
142. The ring and ball method of test for softening point of bitu- 

minous materials, resins, and similar substances. Percy 

Pe NE Sioa ok ok Sue on pike Peles sass tua a 195 
143. Rayon as a paper-making material. Merle B. Shaw and George 

| ISIE Ses. SS PIAS eS nye 3 Sint CSR Pn Vee 203 
144. A precision method of calibrating a tuning fork by comparison 

with a pendulum. Charles Moon ____________.__.______-- 213 
145. The principles of measurement and of calculation in their ap- 

plication to the determination of diophantine quantities. 

SE SSS ee ee 221 
146. Durability tests of spar varnish. C.L.Came._.._..___________ 247 
147. A new dead-weight testing machine of 100,000 pounds capacity. 

L. B. Tuckerman, Herbert L. Whittemore, and Serge N. 

Ne eb ble decws idnies 261 
148. Applying the visual double-modulation type radio range to the 

is: I ye ec. 265 
149. The absorption of sound at oblique angles of incidence. P. R. 

Heyl, V. L. Chrisler, and W. F. Snyder_____._.__.._.____- 289 
150. Sensitivity of a galvanometer as a function of its resistance. 

kg ERR SRRAR Fo) RMP Seno eal WR ae 297 


151. 


Heat capacities in some aqueous solutions. Frederick D. 
Rossini 












































BuREAU OF STANDARDS JOURNAL OF RESEARCH 


CONTENTS OF RECENT NUMBERS 


September, 1929 (Vol. 3, No. 3) 


. Representation of aberration diffraction effects by means of rotating sectors. A. H. 
Bennett. Price 10 cents. 


. Hot aqueous solutions for the quenching of steels. H. J. French and T. E. Hamill. 
Price 15 cents. 


. Preparation of experimental sagger bodies according to fundamental properties. 
R. A. Heindl and L. E. Mong. Price 10 cents. 


. A suppressed-zero electrodynamic voltmeter. F. I<. Harris. Price 5 cents. 


. Two isomeric crystalline compounds of d-mannose with calcium chloride. J. K. 
Dale. Price 5 cents. 


. A study of purified wood fibers as a paper-making material. Royal H. Rasch. 
Price 15 cents. 


October, 1929 (Vol. 3, No. 4) 


" Camels strength of clay brick walls. A. H. Stang, D. E. Parsons, and J. W. 
McBurney. Price 30 cents. 


. Determination of manganese in steel and iron by the persulphate-arsenite method. 
H. A. Bright and C. P. Larrabee. Price 5 cents. 


. Determination of fluorine and of silica in glasses and enamels containing fluorine. 
J. 1. Hoffman and G. E. F. Lundell. Price 5 cents. 


. The heat of formation of sulphur dioxide. J. R. Eckman and Frederick D. Rossini. 
Price 10 cents. 


November, 1929 (Vol. 3, No. 5) 


RP112. Optical heterogeneity of a fused quartz disk. L. W. Tilton and A. Q. Tool. Price 
5 cents. 


RP113. Data on ultra-violet solar radiation and the solarization of window materials. W.W. 
Coblentz and R. Stair. Price 15 cents. 


RP114. Progress report on investigation of fire-clay bricks and the clays used in their prepa- 
ration. R. A. Heindl and W.L. Pendergast. Price 15 cents. 


RP115. The first spectrum of xenon. William F. Meggers, T. L. deBruin, and C. J. 
Humphreys. Price 15 cents. 


RP116. The arc spectrum of arsenic. William F. Meggers and T.L. deBruin. Price 10 cents. 

RP117. Metaliographic polishing. I. Automatic metallographic polishing machine. S.Ep- 
stein and John P. Buckley. Price 10 cents. 

RP118. Correcting engine tests for humidity. Donald B. Brooks. Price 10 cents. 


RP119. Analysis of Diaphragm system for the X-ray standard ionization chamber. Lauris- 
ton S. Taylor. Price 10 cents. 


Research papers are available as separates for purchase from the Superintendent of Documents 
United States Government Printing Office, Washington, D. C. 


Ww 











U. S. DEPARTMENT OF COMMERCE 


R. P. LAMONT, Secretary 


BUREAU OF STANDARDS 
GEORGE K. BURGESS, Director 


BUREAU OF STANDARDS 
JOURNAL OF RESEARCH 


February, 1930 
Vol. 4, No. 2 


UNITED STATES 
GOVERNMENT PRINTING OFFICE 
WASHINGTON : 1930 





or sale by the Superintendent of Documents, Washington,D.C. - Price 40 cents; $2.75 Per Year on Subscriptior 














For a partial list of previous research papers appearing 
in BUREAU OF STANDARDS JOURNAL OF RESEARCH, 
see pages 2 and 3 of the cover. 














Th 
ealibi 
ealibi 
refere 
stand 
impo 
reaso 
ealibi 
chara 
walré 


RP 140 


STANDARDS FOR TESTING MAGNETIC PERMEAMETERS 
By Raymond L. Sanford 


ABSTRACT 


The testing of magnetic permeameters is greatly facilitated by the use of 
calibrated test specimens used as standards. The test method employed for 
calibration must be an absolute one whose accuracy can be estimated without 
reference to any other method. In order to be suitable for use as magnetic 
standards, test specimens must conform to certain requirements the most 
important of which is magnetic uniformity along their length. The paper gives 
reasons for adopting the Burrows permeameter as the standard method for 
calibration, shows the effect of nonuniformity in the specimens, and gives the 
characteristics of four bars which have been found to be sufficiently uniform to 
warrant their use as magnetic standards. 


CONTENTS 


II. 

III. Sti ne | testing method 
IV. Standard specimens 

V. Summary 


I. INTRODUCTION 


In recent years magnetic testing has been steadily increasing in 
importance. Several million dollars worth of materials are now 
purchased annually on the basis of specifications as to magnetic 
quality. In order to avoid misunderstandings and disputes between 
producers and consumers of such materials it is necessary to know 
the degree of accuracy obtainable with the various kinds of testing 
apparatus used for checking the quality of materials so purchased. 

The designer of electrical machinery is also interested in the ac- 
curacy of data on the magnetic properties of materials, since modern 
methods of control make feasible much closer designs than could 
previously be made. 

Added interest in magnetic testing has resulted from recent develop- 

ints in the field of magnetic analysis in which the relationships 
srenin the magnetic and other physical properties of materials are 
offundamental importance. In order to compare the results obtained 
by various investigators in this field it is essential that the accuracy 
of the magnetic testing methods employed be definitely established. 

For the testing of large numbers of specimens on a routine basis 
itis no longer satisfactory to employ methods which require the 
preparation of samples of special form such as toroids or ellipsoids or 

the winding of separate magnetizing and test coils for each speciman 
and, consequently, several different types of apparatus have been 
developed into which samples of simple form are inserted for testing. 
These are called magnetic permeameters or simply permeameters. 

The permeameters in general use at the present time differ more or 
ess radically in principle and it is not always possible to estimate 
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the degree of accuracy obtainable from purely theoretical considera- 
tions. For this reason the intercomparison of methods is greatly 
facilitated by the use of carefully selected and prepared test specimens 
which may properly be considered as magnetic standards. For the 
calibration of such magnetic standards it is necessary to use a method 
of known accuracy, preferably an absolute one in the sense that its 
constants can be determined from its own dimensions and whose 
accuracy can be estimated without reference to any other method. 

In the United States the Burrows permeameter ' has been accepted 
as the standard method for many years. It is an absolute method in 
the sense indicated above and can be used for straight bars over a 
wide range of sizes. It is somewhat complicated to operate, however, 
and requires duplicate specimens, one of which is not tested but used 
as an auxiliary. Moreover, it is known to be exceedingly sensitive to 
variation in permeability along the length of the specimen. This con- 
stitutes a source of uncertainty such that the degree of accuracy ob- 
tained for a nonuniform bar can not be determined. 

The Fahy Simplex permeameter? has recently been coming into 
rather wide use in this country and to some extent abroad. From 
the standpoint of simplicity and ease of manipulation it has certain 
advantages over the Burrows method. Another instrument recently 
developed is the J permeameter * described by B. J. Babbitt of the 
Western Electric Co. In addition to these methods there are in use, 
to a more limited extent, various instruments not commercially avail- 
able, but designed and built by individual testing engineers solely for 
their own use. 

With the growth in importance of magnetic testing the question 
of the accuracy of the various methods has become more and more 
important. Intercomparisons previously made, in which the same 
samples were tested in different permeameters, have not yielded 
definite and conclusive results ot | it has become more and more 
apparent that the difficulty is due primarily to the use of specimens 
which are not suitable as magnetic standards. 

In an investigation undertaken over three years ago for the purpose 
of checking the accuracy of the Fahy Simplex permeameter it early 
became evident that before a satisfactory conclusion could be reached 
it would be necessary to accumulate a set of standards better than any 
then available and, therefore, first attention was given to this phase 
of the problem. The following is a report of the investigation on 
magnetic standards for testing permeameters 


Il. ACCURACY OF MAGNETIC TESTS 


In stating the accuracy of magnetic tests it is necessary to take 
account of the fact that each point on the normal induction curve 
involves the determination of two quantities, magnetizing force and 
induction, each one of which may be in error by different amounts. 
Consequently, the simple statement that a given point is accurate 
within a certain per cent is not explicit. It is necessary to state 
either that values of induction corresponding to given values of 
magnetizing force are accurate within a certain amount, or that 





1 Burrows, The Determination of the Magnetic Induction in Straight Bars, B. S. Bull. 6 (Sci. Paper 
No. 117), p. 31, 1909. 

2 Fahy, A Permeameter for General Magnetic Analysis, Chem. and Met. Eng., 19, p. 339; 1918. 

8’ Babbitt, An Improved Permeameter for Testing Magnet Steel, J. Opt. Soc. Am., 17, p. 47; 1928. 
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values of magnetizing force corresponding to a given value of induc- 
tion have a certain degree of accuracy. 

On account of the characteristic shape of the normal induction curve 
neither one of these statements is entirely satisfactory over the whole 
range. In the steep part of the curve, for instance, a very small varia- 
tion in the value of the magnetizing force corresponds to a relatively 
large difference in induction, while at the higher inductions, where the 
slope of the curve is small, a small change in induction corresponds to 
a very large variation in magnetizing force. The use of different forms 
of statement for different parts of the magnetization curve is awk- 
ward and cumbersome, however, and it seems advisable to adopt the 
form to which the least objection can be made. 

It is sometimes argued that since the value of induction B can 
ordinarily be determined to a very high degree of accuracy compared 
to that attainable in the measurement of the magnetizing force H, 
we should always make the statement in terms of the accuracy of the 
value of H for a given value of B. However, given a pair of corre- 
sponding coordinates as experimentally determined we are usually 
more concerned as to how near the plotted point comes to the true 
curve than we are with the accuracy of the individual coordinates. 
It is even conceivable that values of B and H, each of which is in 
error as experimentally determined, might, when plotted, fall exactly 
on the true curve. 

It is obvious that in the upper part of the normal induction curve a 
1 per cent variation in B may correspond to a variation in H of 10 
per cent or more. It is not so obvious what the ratio may be in the 
steep part of the curve. Examination of a considerable number of 
curves for materials of widely different magnetic characteristics 
reveals the fact that the percentage variation in B rarely exceeds 
twice that in H. It appears most satisfactory, therefore, to state the 
accuracy of magnetic data by saying that the value of induction cor- 
responding to a given value of magnetizing force is accurate within a 
given percentage. This form of statement is used throughout the 
present paper. 

In comparison with many other kinds of physical measurements 
the accuracy attainable in magnetic testing is not high. This is due 
in large part to the fact there is no known insulator of magnetic flux 
and consequently there is usually a certain amount of unavoidable 
magnetic leakage. Such leakage is enhanced by the presence in the 
magnetic circuit of mechanical joints and air gaps and by variations 
in permeability in the material making up the circuit. It happens, 
however, that magnetic material is seldom very uniform and the 
degree to which the results of tests on individual samples of material 
represent the properties of the whole lot depends fully as much on the 
sampling as upon the accuracy of the testing method. For this reason 
an accuracy of better than 1 per cent is rarely required and from 2 to 
5 per cent is usually adequate. 


Ill. STANDARD TESTING METHOD 


The condition that the test method employed for the calibration 
of magnetic standards shall be an absolute one, whose accuracy can 
be estimated without reference to any other method, is fully met by 
the Burrows compensated double-yoke permeameter * provided that 





4 See footnote 1, p. 178. 
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the test specimens possess the requisite degree of uniformity. Figure 
1 shows the magnetic circuit and the relative position of the mag- 
netizing and test coils. The test specimen ot its auxiliary, which 
should be of the same size and material, are joined at the ends by soft 
iron yokes which make good magnetic joints and complete the mag- 
netic circuit. The magnetizing coils 7’ and A are located over the 
test rod and auxiliary, respectively. Coil J is in four sections, con- 
nected in series, and located over the ends of the rods as near to the 
joints as possible. In operation the currents in these three windings 
are so adjusted before each reading that there is equal flux in the two 
rods and no leakage from the greater part of the test rod. When 
this condition is realized the value of the applied magnetizing force 
can be calculated from the current and number of turns per centi- 
meter in the solenoid surrounding the test rod. For testing the com- 
pensation and determining the value of the induction when the com- 
pensation is properly adjusted there are three test coils designated 
as t, a, and 7, respectively. These coils are each of the same number 
of turns and are distributed as shown in the figure; ¢ is wound over 





Figure 1.—Magnetic circuit of the Burrows permeameter, showing the 
relative positions of the magnetizing and test coils 


the middle of the test bar, a over the middle of the auxiliary bar, and 
7 is wound half over one end and half over the other end of the test 
bar far enough away from the yokes and joints to avoid disturbances 
from these causes. When, upon reversal of the current in the mag- 
netizing windings, there is no residual deflection in the ballistic 
galvanometer whether connected to ¢ and a or to ¢ and 7 in series 
opposition, the magnetizing currents are properly adjusted. Under 
these conditions the induction is measured in terms of the deflection 
of the ballistic galvanometer connected to ¢ alone and the magnetizing 
force is proportional to the current in the winding 7’. 

It is not difficult to understand why this method is sensitive to 
the influence of nonuniformity in the test specimen. A balance is 
indicated when the total flux in the part of the specimen under the 
test coil ¢t is equal to the average of the values under the two halves 
of coil7. If the specimen is uniform the induction is uniform through- 
out the length of the bar included between the two halves of the coil 
7 when a balance is indicated. Under this condition there is no leak- 
age from the middle portion of the bar and the magnetizing force 
can be calculated in terms of the current in the coil 7’. 

If the specimen is not uniform, the flux generally does not have the 
same value under the two halves of coil 7 when a balance is indicated, 
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and, consequently, the induction is not uniform along the length of 
the bar. The resulting leakage gives rise to magnetizing forces in 
addition to that due to the current in coil 7. Under this condition 
the values obtained are not correct even for the part of the speci- 
men under the coil ¢, neither do they represent average values over 
the length of the bar included between the two halves of the coil 7. 
The errors thus introduced by nonuniformity in the specimen are 
indeterminate and may be large. 

The test coils ¢, a, and 7 are generally wound on the forms used for 
the magnetizing windings or on auxiliary forms of only slightly smaller 
area. If the area of the specimen is small with respect to that of the 
test coils there is a tendency toward overcompensation; that is, an 
excessive amount of current is required in the compensating coils at 
the ends, and, consequently, the normal induction curve as observed 
will be too high. This has been shown by winding test coils directly 
on the specimen and comparing the results obtained with these coils 
with the values determined using the regular test coils. The dis- 
crepancy is greater the smaller the specimen. 

This difficulty can be overcome by using an arrangement due to 
Gokhale.’ The modification consists in substituting for the test coil 7 
another coil having a large number of turns and which is placed within 
the magnetizing winding adjacent to but not surrounding the speci- 
men. Its axis is parallel to that of the test bar. When such a test 
coil is connected to the ballistic galvanometer and the magnetizing 
current is reversed the galvanometer throw is proportional to the 
intensity of the magnetic field. With this arrangement the adjust- 
ment for compensation consists in setting the compensating current 
to such a value that the field as indicated by the test coil is equal to 
that calculated in terms of the current in the magnetizing coil. This 
is conveniently done by connecting a variable mutual inductance with 
its primary winding in series with the magnetizing coil 7’ and its 
secondary in series opposing the test coil. If the mutual inductance 
is set to equal the value calculated for the magnetizing coil and test 
coil in terms of the area turns of the test coil and the constant of the 
magnetizing coil the compensation is correct when there is no residual 
deflection of the galvanometer upon reversal of the current. With 
this arrangement it is estimated that, for a specimen of uniform 
permeability along its length, observed values are accurate to well 
within 1 per cent. 

Several other possible methods were considered for the calibration 
of magnetic standards, including the magnetometer, the link method 
of Spooner,® a compensated single yoke method, and the new Picou 
permeameter.’ However, since none of these appeared to have any 
particular advantage over the Burrows method, and since the limita- 
tion as to uniformity of specimen is common to the other absolute 
methods, the Burrows permeameter was adopted for the calibration 
of our magnetic standards. 


IV. STANDARD SPECIMENS 


There are certain more or less obvious requirements which must be 
fulfilled for a test specimen to be suitable as a magnetic standard. 





5 United States Patent No. 1559085, Oct 27, 1925. 

6 Spooner, Methods of Magnetic Testing, Elec. J., 18, p. 351; 1921. ; 

? Picou, Nouveau Perméamétre de la Société des Atéliers, J. Carpentier, Rey. Gén. de 1’Elec., 20, p. 
346, 1926. 
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The specimen should be of uniform dimensions and straight. If the 
bar is not straight it will be strained when clamped in the testing 
apparatus and it is well known that a relatively slight amount of 
mechanical strain may alter the magnetic properties by a consider- 
able amount. It is also desirable that the specimens be metallurgi- 
cally stable. Under certain conditions, changes in internal structure 
or strain may proceed at a slow rate over a considerable period of 
time even at ordinary temperatures. Such changes bring about 
corresponding changes in magnetic properties and should be completed 
by a suitable aging process before the specimens are used as magnetic 
standards. F 

By far the most important requirement is that of magnetic uni- 
formity along the length of the specimen. Although Burrows in his 
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Figure 2.—Normal induction curve for unnumbered end of bar A81 


In this position in the Burrows permeameter a ‘eed hard spot is directly under one of the j 
test coils. 


original article describing the compensated double-yoke method 8 
called attention to this point it is often disregarded, and differences 
in results obtained on the same specimen by different methods, one 
of which is accepted as standard, are interpreted as errors. This is 
not a safe practice. Such conclusions are never justified unless the 
test specimens are known to possess the requisite degree of uniformity. 
Figures 2 and 3 are illustrative of the different results which might 
be obtained if nonuniform bars are used as standards. The data 
were all taken on the same bar, No. A81. This bar is 32.5 cm long. 
The Burrows permeameter coils used require a length of only 25 cm, 
so that there was a total projection of 7.5 cm. The two curves give 
a comparison of the indications obtained with the Fahy Simplex 
permeameter with those of the Burrows permeameter. It is evident 
that quite different conclusions are arrived at if the bar is tested with 
8 Burrows, The Determination of the Magnetic Induction in Straight Bars, B. S. Bull. 6 (Sci. Paper 
No, 117), p. 31; 1909, 
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the numbered end flush with the yokes from those to be drawn from 
tests made with the other end flush. Ifweshould assume, for instance, 
that the Burrows results are accurate, we would conclude on the basis 
of Figure 2 that the Simplex results are low in the region of the “knee” 
of the curve, the maximum difference being as much as 10 per cent. 
On the other hand, if we accept the evidence of Figure 3, we would 
say that the Simplex gives results that are too high i in the range of 
magnetizing force up to 30 gilberts per cm with a maximum error 
greater than 20 per cent. Obviously, these conclusions can not both 
beright and since the position of the bar in the apparatus was the only 
variableit is evident that lack of uniformityin the bar must have been 
responsible for the difference. 

In 1916 the author described a method® for determining the 
degree of uniformity of magnetic test specimens. This method con- 
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Figure 3.—Normal induction curve for numbered end of bar A81 


In this position in the Burrows permeameter a magnetically hard spot is directly under the middle 
test coil. 


sists in measuring the magnetic leakage along the length of a speci- 
men when magnetized between the mer s of a suitable electromagnet. 
It has been found that for a uniform specimen the rate of variation 
of leakage along the length is uniform except for portions very near 
the ends. By plotting the rate of variation of leakage, therefore, a 

curve is obtained which for a uniform specimen is straight and aids 
zontal. Deviations indicate lack of magnetic uniformity. Curves 
so plotted have been called uniformity curves. This method, al- 
though giving a good qualitative idea of the uniformity of a given 
specimen, does not vield quantitative results because the specimen so 
magnetized is not subjected to a uniform value of magnetizing force 
throughout its whole length. It would be very desirable to be able 
to specify the degree of uniformity on a percentage basis and, there- 





9 Sanford, Determination of the Degree of Uniformity of Bars for Magnetic Standards, B. S. Bull. 14, 
(Sci. Paper No. 295), p. 1, 1916. 
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—_ an attempt was made to discover a way in which this could be 
one. 

Three methods were investigated; measurements with the Burrows 
apparatus on specimens long enough so that different portions can be 
included between the yokes, a miniature Fahy Simplex permeameter 
having a span of only 5 cm. and a special yoke of H form, by means 
of which successive portions of the test bar can be compared with a 
fixed standard. 

Both the Burrows apparatus and the small Simplex permeameter 
include in the test so long a section of the specimen that the averag- 
ing of permeability over this section masks actual variations along 
the bar. It was found also that reproducible results could not be 
obtained with the yoke apparatus, probably on account of variability 
in the contact reluctance. It seemed best, therefore, to continue the 
use of the leakage method. 

It was found in the earlier investigation that for 1 per cent accuracy 
no ordinate of the uniformity curve may depart from the average 
value by more than 10 per cent. In order to characterize the various 
specimens examined for uniformity a so-called uniformity factor was 
used. This factor is found by subtracting the largest percentage 
deviation from the mean from 100. On this basis no specimen hav- 
ing a uniformity factor less than 90 would be suitable to use as a 
standard. It should be understood, however, that there is no defi- 
nite relationship between this factor and the degree of accuracy 
obtainable in the determination of the normal induction curve 
because the effect of nonuniformities depends not only upon their 
—— but also upon their distribution along the length of the 

ar. 

During the course of the investigation a large number of bars have 
been examined for uniformity. These specimens came from a number 
of sources. Some were sent to the bureau for test, some were taken 
from the stock of steel maintained for the use of the bureau instru- 
ment shop, and some were taken from special lots of steel acquired 
by the bureau for use in various metallurgical investigations. After 
a large number of bars had been examined and found unsuitable for 
the purpose it was finally decided to attempt to obtain standards by 
subjecting a series of specimens to heat treatments designed to pro- 
duce the greatest uniformity of structure, and grinding them to size 
under water in order to avoid localized heating. Great care was also 
taken to see that at no stage in their preparation were the bars bent 
or subjected to mechanical strain which could produce permanent 
effects. These bars were of plain carbon steel having various carbon 
contents so as to cover as wide a range of permeability as possible. 

Typical results obtained by the leakage methods are shown by the 
uniformity curves illustrated in Figure 4. Out of the 14 bars in this 
series only 2, A21 and A22, were found to be uniform within the 
required limits. Bar A21, with a uniformity factor of 94, was chosen 
to be used as a standard, with A22, having. a factor of 92, as an 
auxiliary for use in the Burrows permeameter. Some of the other 
bars, while not suitable for standards, were tested to show the effects 
of nonuniformity on the indications of the Burrows permeameter. 

The uniformity curve for bar A81 explains the results shown in 
Figures 2 and 3. The data for Figure 3 were taken with the mag- 
netically hard spot directly within the middle test coil. When the 
observations for Figure 2 were taken the hard spot was under one of 
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the 7 test coils. The maximum difference in the induction corre- 
spoadliie to a given magnetizing force is of the order of 20 per cent. 
Obviously this specimen is not suitable to be taken as a magnetic 
standard. This is not an isolated or unusual case, but is typical of 
the results obtained on scores of bars examined during the course of 
the investigation and is cited to bring out very clearly how unsafe it 
is to draw conclusions as to the accuracy of a given method from 
results obtained with a specimen not previously checked for uni- 
formity. 

Bar A61 does not show sharp variations, but is magnetically softer 
in the middle than at the ends, The uniformity factor is much 
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Fiaure 4.—Uniformity curves for five of the bars examined 
by the leakage method 


better than for bar A81, being 86 as against 64 for A81._ The differ- 
ences obtained from a test at the middle of and one with one end 
flush with the yokes, as indicated in Figure 5, are much less than for 
bar A81. The greatest difference in induction for a given magnetizing 
force for different portions of the bar is of the order of 10 per cent, 
whereas for bar A81 it was 20 per cent. Similar results were obtained 
for other specimens. 

Figure 6 shows the results for bar A21. Two sets of observations 
were taken, one at the middle of the bar, and the other with one end 
flush. In this case no difference was found greater than the probable 
experimental error. This is further evidence that A21 is suitable for 
use as a standard. 
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In view of the results of the attempt to produce standard bars by 
special heat treatment the best course appears to be to continue the 
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Figure 5.—Normal induction for bar A61 
This bar is magnetically softer at the middle than at the ends. 


examination for uniformity of such test bars as may become available. 
Since the work on the special series reported above was completed 
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Figure 6.—Normal induction for bar A21 
This bar is magnetically sufficiently uniform to serve as a magnetic standard. 


three other standards have been accumulated. One is a bar of cold- 
rolled machinery steel which was annealed in order to obtain a rela- 
tively high permeability, another is a bar of similar material in the 
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“as received” condition, and the third is a bar of tool steel which has 
nov been hardened. All of these specimens are of unknown compo- 
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Figure 7.—Uniformity curves for four standard bars 


sition, but this is not important as we are interested only in their 
magnetic characteristics. In Figure 7 are shown the uniformity 
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Figure 8.—Normal induction curves for four standard bars showing range in 
’ g g 
properties covered 


curves for the four standard bars which have been selected up to 
date, and Figure 8 shows the normal induction. It can be seen that 
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a fair range of permeability is covered, but other bars will be added 
to this collection as suitable ones are discovered. 
; mer 
Hysteresis data for the four standards are given in Table 1. 
TABLE 1.—Hysteresis data for magnetic standards 


[Maximum magnetizing force, 200] 








No Maximum | Residual | Coerciy 

aie | induction | induction | force 
A32.__. eee =o : 18. 83 10. 70 | 24 
C3 —_ : —_ 18. 99 7. 60 | 7% 
: ; 16. 09 8.75 | 125 
(SERS ee eget ; a 16. 70 | 12. 25 | 16.4 








Magnetizing forces, in gilberts per cm; induction, in kilogamsses. 
V. SUMMARY 


In view of the present importance of magnetic testing, and the 
desirability of establishing the accuracy of various magnetic per 
meameters now in use, an investigation has been carried out on magnetic 
standards. It is not always possible to estimate the accuracy of a 
given magnetic testing method from purely theoretical considerations, 
The testing of magnetic permeameters is greatly facilitated, therefore, 
by the use of carefully chosen specimens calibrated by a standard 
testing method. Such specimens may properly be considered as mag- 
netic standards. 

In the course of the investigation the principal points considered were 
the choice of the standard testing method and the requirements whic 
test specimens must fulfill in order to serve satisfactorily as magnetic 
standards. The Burrows compensated double-yolk permeameter, 
which has long been accepted as standard in the United States, fulfills 
the necessary requirements that its constants can be determined from 
its own dimensions and its accuracy can be estimated without reference 
to any other test method. None of the other methods considered 
appear to have any advantage over the Burrows permeameter and 
consequently it was adopted for the calibration of our standards. 

The principal requirement, as well as the most difficult one, to 
meet in order that a specimen shall be suitable for use as a standard, 
is that it shall be magnetically uniform along its length. Many 
bars examined for uniformity by the leakage method previously 
described were found to be unsuitable for the purpose. The speci 
mens examined included a number that were specially chosen and 
heat treated with the idea of producing the most homogeneous struc- 
ture possible. Several of these nonuniform bars were tested in the 
Burrows apparatus with different sections included between the yokes 
in order to demonstrate how unsafe it is to draw definite conclusions 
as to the accuracy of a given permeameter from the results of tests 
with nonuniform bars. Four specimens were finally discovered 
which possess the requisite degree of uniformity. These bars give 
the same results when different sections of them are tested in the 
Burrows permeameter, and, consequently, have been chosen for use 
as magnetic standards. These standards cover a fair range of 
magnetic permeability, but additional bars will be added to the set 
whenever suitable ones are discovered. 


WasHINGTON, September 30, 1929, 
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‘del TRA-VIOLET REFLECTING POWER OF ALUMINUM 
AND SEVERAL OTHER METALS 


By W. W. Coblentz and R. Stair 





ABSTRACT 


In this paper data are presented on the ultra-violet reflecting power of alumi- 
2.(j/m, duralumin, tin, and rhodium. 
‘4 The data on aluminum are of special interest in connection with the use of 
ig Apis metal in reflectors of therapeutic lamps. The results of this investigation 
—_fMow that the ultra-violet reflecting power of aluminum compares favorably 
ith that of chromium (previous investigation, RP39), increasing in reflecting 
wer from about 50 per cent at 300 mz to 75 per cent at 550 mu. In the visible 
ectrum, the reflectivity is higher than that of chromium. 
The ultra-violet spectral reflection of duralumin is similar to that of alumi- 


thom: Tin has a fairly high reflecting power and may be useful in certain types 
“M echelette gratings. Mirrors of rhodium are best prepared by cathode sputter- 
peride. The reflectivity observed on a polished regulus of rhodium increases from 


eticout 30 per cent at 260 my to 45 per cent at 365 mu, 
of a 
Ons, 
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ter, 
“~ I. INTRODUCTION 

nee The primary object of this paper is to present data on the ultra- 
rTedffiolet*reflecting power of aluminum, which is being extensively used 
andr reflectors in connection with sources of ultra-violet radiation. For 
_ fis purpose the sheet of aluminum is ‘‘spun” into a bowl-shaped 
_ tofurror, which process gives a much higher polish than is possible by 
ude regular methods of polishing on a wax surface. 

iny™ Recently there have been frequent inquiries for information 
islyfeearding the reflecting power of this type of surface. 

ec In view of the fact that most lamps used for therapeutic purposes 
indie provided with reflectors, it is relevant to emphasize that the 
ucfirror acts solely to reflect more or less perfectly the rays incident 
theipon it and does not itself contribute anything additional to that 
kesfdiation. In fact, since the reflector absorbs more of the short-wave 
onsneth ultra-violet than of the visible and the infra-red rays, especially 
sts#hen the powdered metal (for example, aluminum) is applied with a 
redi&cquer, the total amount of ultra-violet radiation in proportion to the 
iveMfsible and the infra-red rays is relatively lower in the reflected rays 
thei ai in those that proceed directly from the source. The reflector, 
lac ed back of the source, simply increases, therefore, the total amount 
radiation of all wave lengths falling on an object ‘placed int front of 
he lamp. The reflector can not supply ultra-violet wave lengths that 
lay be lacking in the source, and after it becomes covered with smoke 
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from the arc the amount of reflected radiation is, of course, greatly 
reduced. 

Likewise windows or filters used in front of the source of ultrg 
violet, whether it be the sun or the mercury or the carbon arc, em; 
no ultra-violet wave lengths themselves, but always reduce the intey 
sity of the rays that are present. The same is true of lacquers use; 
in applying the powdered metal for a reflecting surface. Linseed oj 
and cellulose lacquer are highly opaque to ultra-violet radiation ¢ 
wave lengths shorter than 350 mu.’ 


II. REFLECTIVITY DATA 


The apparatus and procedure used in the present investigatio 
were described in a previous paper ? to which reference may be mad¢ 
for details regarding such matters. 

The metals examined were in the massive form, cast into blocks o 
rolled into flat sheets, as used commercially, thus differing from film 
deposited on glass by cathode sputtering. 


1. ALUMINUM 


Two kinds of material were investigated: (1) The commercial rolle 
sheets (2 to 3 mm in thickness) without additional polish, and (2) 
cast block of the pure material (99.999 per cent pure) prepared by thé 
metallurgy division of this bureau by melting and solidifying in 4 
vacuum. The surface of the cast material was somewhat porous 
it was highly polished by S. Epstein, by a special buffing process, bu 
was not optically flat. 

As shown in Figure 1, the spectral reflection of the polished sampl¢ 
of cast aluminum is relatively high, amounting to almost 50 per cen 
at 300 my and gradually rising to 75 per cent at 550 mu. Thes¢ 
values would probably be 5 to 10 per cent higher if scattering of ligh 
at the surface of the metal were eliminated. The minimum reflectivit® 
of the region of 275 my is noted, since it appears in other metals.’ 

The general trend of the spectral reflection curve of the rolle 
material is similar to that of the cast block, and it is assumed woul 
coincide with that of the highly polished surface, if scattering of th¢ 
light were eliminated. 

The ultra-violet reflecting power of aluminum compares favorab); 
with that of chromium and provides an inexpensive reflector where : 
correctly figured highly polished surface is not required. 

It is to be noted that any reflector used with the carbon arc may 
have its reflecting power greatly reduced by deposits of oxides. 

Using cathodically deposited films of aluminum on glass, Hulburt 
obtained a reflectivity of above 60 per cent at 300 my which wa 
higher than found for any of the other metals examined except silicon 

In view of the fact that surfaces of substances, especially metals 
are subject to corrosion, and that ultra-violet light accelerates th 
disintegration of the metal surface,® it was considered important ‘ 
determine the effect of ultra-violet light upon one of the samples 













1 Stutz, jr.,"Franklin Inst., 200, pp. 87, 89, 202; 1926. 
? Coblentz and Stair, B. 8. Jour. Research (RP39), 2, p. 343; 1929. 
’ Coblentz and Stair, B. 8. Jour. Research (RP39), 2, p. 342; 1929. 
; 4 e O. Hulburt, The Reflecting Power of Metals in the Ultra-Violet Region of the Spectrum, Astrophys 
“ p. 205; 1915. 
‘ Coblentz and Hughes, Science, 60, p. 64; B. S. Sci. Paper No. 493, 19, p. 577; 1924. 
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since aluminum is widely used as a reflecting surface in therapeutic 
lamps. For this purpose the sample of rolled aluminum was exposed 
to the total radiation of a 110-volt, d. c. quartz mercury arc lamp, at 
a distance of 15 cm for 30 hours. As a result of this exposure the 
reflectivity was lowered only about 2 per cent (see fig. 1). Aluminum 
is thus found comparable to chromium ° in its resistance to corrosion 
by ultra-violet light. This may not be true of aluminum powder 


applied with a lacquer.’ ‘ 
2. DURALUMIN 


Data on the ultra-violet reflecting power of dualumin were given 
in a previous paper.’ The sample was optically flat but had a poor 
polish, which scattered the incident radiation. 

The present sample was composed of a pile of plates (each 1.6 mm 
in thickness) clamped together and polished on the edges. As a result 
the spacing between the plates reduced the total area of the reflecting 
surface, perhaps, by 10 per cent. This means that the values of all 
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Ficure 1 


the observations should be increased by this amount. The reflecting 
surface was highly polished (by buffing), but it was not optically flat. 
The spectral reflection curve (fig. 2) is closely the same as previously 
observed. 

The absolute values in both cases would be, perhaps, 5 to 10 per 
cent higher than illustrated, owing (1) to the scattering in the sample 
previously examined, and (2) to the discontinuity in the laminations 
in the sample examined in the present investigation. 


3. RHODIUM 


The sample examined was a large regulus of the pure material 
prepared by W. H. Swanger by melting on lime with an oxyhydrogen 
flame. Originally the surface was optically flat, but did not have a 
high polish. Subsequently the surface was buffed. The ultra-violet 





6 Coblentz and Stair, B. S. Jour. Research (R P39), 2, p. 343; 1929. 
7 Coblentz and Kahler, B. S. Sci. Paper No. 342, 15, p. 215; 1919. 
8 Coblentz and Hughes, B. 8. Sci. Papers No. 493, 19, p. 577; 1924. 
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spectral reflection of this surface is depicted in Figure 2. The reflect- 
ing power rises from 30 per cent at 260 my to 45 per cent at 365 mu. 
From this point to 580 my the reflectivity rises slowly to about 
46 per cent. No doubt all the values should be corrected for scatter- 
ing. In the infra-red the reflecting power of rhodium rises to 90 per 
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Figure 2 
4. TIN 


It is very difficult to obtain a highly polished surface on pure tin; 
moreover the surface tarnishes easily after polishing. The sample 
examined was a block of the cast pure material, polished and buffed 
by S. Epstein. As shown in Figure 3, the ultra-violet reflection of 
tin is relatively high, increasing from about 40 per cent at 300 my 
to about 70 per cent at 550 my for the freshly polished material. 
The reflectivity decreases rapidly as the surface tarnishes. After 
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Ficure 3 


standing in the laboratory over night following the first series of 
observations the sample was reexamined and found to have undergone 
a marked decrease in reflectivity. (See fig. 3.) 


Ill. SUMMARY 


Data are given on the ultra-violet spectral reflection of aluminum, 


duralumin, rhodium, and tin. 
The data obtained on a block of pure material indicate that the 
ultra-violet reflecting power of aluminum is relatively high, amounting 








* Coblentz, B. S. Bull., No. 152, 7, p. 213; 1910. 
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to almost 50 per cent at 300 my and gradually increasing to 75 per 
cent at 550 my in the visible spectrum. The spectral reflection curve 
of the commercial rolled material is similar in trend to that of the 
cast block. Aluminum is therefore suitable for an inexpensive re- 
flector of ultra-violet rays, where a correctly figured highly polished 
surface is not essential. 

The ultra-violet spectral reflection of duralumin is similar to that 
of aluminum. 

The reflecting power of rhodium rises rapidly from 30 per cent at 
260 mu to 45 per cent at 365 my, beyond which point the rise is more 
gradual. 

Tin has a fairly high reflectivity in the ultra-violet, but deteriorates 
rapidly by tarnishing. 


WasuincTon, August 7, 1929. 
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E RING AND BALL METHOD OF TEST FOR SOFTENING 
POINT OF BITUMINOUS MATERIALS, RESINS, AND 
SIMILAR SUBSTANCES 


By Percy H. Walker 





ABSTRACT 


The softening point of materials which, like asphalt, have no definite melting 
nt, but which when heated gradually change from brittle or very thick and 
y-flowing materials to more mobile liquids, can only be determined by some 
itrary method. The ring and ball method which briefly consists of determin- 
the temperature at which a disk of the material held in a ring and loaded with 
«ll will flow through a definite distance when heated at a prescribed rate is one 
the best methods for such tests. Published directions for making the test are, 
never, Open to very serious objections, and this paper describes the apparatus 
i procedure used at the National Bureau of Standards. The principal modi- 
tions in the apparatus are a beveled instead of a cylindrical ring, and a 
tering device for the ball. The procedure is so described that some latitude in 
essential details is permitted, 
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FUORI CURIA DONDE 2 nn a ene ow cama eewe 
I. INTRODUCTION 


There are many materials which, like asphalt, have no definite 
ting point, but which when heated gradually change from brittle 
very thick and slow-flowing materials to softer or more mobile 
uds. For such materials the ring and ball method is a valuable 
thod of test. Briefly, this test is a determination of the tempera- 
re at which a disk of the material held in a ring and loaded with a 
| will flow through a definite distance when heated at a prescribed 
e. However, it is an arbitrary method and in order to get agreeing 
ults a fixed, arbitrary, and closely defined method must be used. 
lhe method is best known to laboratories that test asphalt, and 
A.S. T. M. in 1916 adopted a tentative description of the method, 
ended this and adopted it as standard in 1919, and has since 
‘ised it several times, the latest revision being in 1926 under serial 
ignation D36-26.! 





.8. T, M, Standards, Pt. II, p. 496; 1927. 














196 Bureau of Standards Journal of Research 


The A. S. T. M. specifications for this test are open to the foiloy 
objections: 

1. The apparatus as described is not used, nor can it be easily 
to meet the rigid requirements given in the text. For example, 
ring is supported on one side by a brass wire 1.83 mm in diam 
which is supported in a cork held in a clamp, and this must be p!; 
exactly 2.54 cm above the bottom of the beaker and 5.08 below 
surface of the water. 

2. Tolerances are given for inside diameter and thickness of 
ring, but not for its depth. 

3. The method is limited to asphalts, while if properly descri 
it can be used with numerous materials. 

4. The cylindrical ring specified limits its use to materials 
asphalt that do not shrink away from the ring. A slightly bevg 
ring gives with asphalts the same results as the cylindrical ring 
has the distinct advantage that it can be used with resins and pitc 
which may shrink away from the cylindrical ring. 

5. The A. S. T. M. method prescribes unessential limitations in 
kind and set-up of apparatus, while there is not reason why a num 
of different forms of apparatus can not be used provided they 
comply with certain requirements. 

Hence, it seems desirable to describe the apparatus and method 
used at the Bureau of Standards. 


II. APPARATUS 
The essential apparatus is as follows: 
1. RING 


A brass ring of the following dimensions: 

Depth.—6.35 + 0.10 mm (% inch). 

Inside diameter at botiom.—15.88 + 0.10 mm (% inch). 

Inside diameter at top.—Not less than inside diameter at. bott 
nor more than 17.6 mm, preferably 17.46 mm (!%¢ inch). 

Outside diameter at bottom.—Not less than 18.0 mm nor more t! 
21.0 mm. 

Outside diameter at top.—Not less than outside diameter at bott 
nor more 21.0 mm. 

The interior of the ring may be either tapered, within the to 
ances given above, or cylindrical. (The tapered ring is to be prefern 
as it can be used with all kinds of materials to which the ring and 
method is applicable. The cylindrical ring, while suitable for aspha 
can not be used with materials that shrink away from the ring, s 
as resins and pitches.) 

The outside of the ring may be either uniformly cylindrical 
smaller at the bottom provided the above dimensions are comp! 


with. For convenience in mounting it is advisable to have it smal 


at the bottom. (See fig. 1) 
2. BALL 


A steel ball, such as used in ball bearings, 9.53 mm (% inch) 
diameter weighing between 3.45 and 3.55 g. 
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3. CONTAINER 


A glass vessel, capable of being heated, not less than 8.5 em (3 
inch) in diameter and not less than 10.5 em (4% inches in depth fro 
the bottom of the flare. (A 600 ml beaker, low form.) 


4. THERMOMETER 









For materials having softening points not above 100° C. a totg 
immersion thermometer meeting the specification given in item 533 
(d) of General Schedule of Supplies, Fiscal Year 1930, is used.? 

For materials having softening points above 100° C. and belo 
300° C. a partial immersion thermometer meeting the specificatio 
given in item 5331 (6) of the General Schedule of Supplies may | 





used.* Any 
omen ovid 
? This specification is as follows: J 
Type.—Etched stem, glass. ippor 
Liquid.—Mercury. ust | 
Range and subdivision.—Minus 4° to +104° C. in 0.2°. rs 
Total length —454 to 460 mm. the 


Stem.—P lain front, enamel back, suitable thermometer tubing. Diameter, 6.0 to 7.0 mm. t 
Bulb.—Corning normal or equally suitable thermometric glass. Length, 20 to 30mm. Diameter, n ptton 
greater than stem. erm 
Distance to —4° line from bottom of bulb.—50 to 70 mm. 
Distance to +-104° line from top of thermometer.—20 to 50 mm. A di 
Filling above mercury.—Nitrogen gas. 
Top finish.—Glass ring. 
Graduation.—All lines, figures, and letters clear cut and distinct. Lines corresponding to even degre 
marks to be longer than the remaining lines. Graduations to be numbered at each multiple of 2°. 
Immersion.—T otal. 
Scale error.—The error at any point of the scale, when the thermometer is standardized at total immersiogy fe] 
shall not exceed 0.3°. ce 
Special marking.—A serial number and the manufacturer’s name or trade-mark shall be etched on tir bu 





stem. 
Case.—The thermometer shall be supplied in a suitable case, on which shall appear ‘‘—4° to +104° Mn ex 
in 0.2°, total immersion.”’ rass 
3 This specification is as follows: - 
Type.—Etched stem, glass. lherl 
Liquid.—Mercury. ith § 
vanges and subdivisions.—Minus 5 to +-300° C. in 1°. : 
Total length.—379 to 383 mm. ree . 


Stem.—Plain front, enamel back, suitable thermometer tubing. Diameter, 6 to 7 mm. 
Bulb.—Corning normal or equally suitable thermomeiric glass. Length, 10to 15mm. Diameter, 51 
6mm, 
Distance to 0° line from bottom of bulb.—90 to 100 mm. 
Distance to 300° line from top of stem.—25 to 50 mm, 
Filling above mercury.—Nitrogen gas. 1. BI 
Top finish.—Glass ring. 
Graduation.—All lines, figures, and letters clear cut and distinct. The first and each succeeding 5° liz 
to be longer than the remaining lines. Graduations to be numbered at each multiple of i0°. ; 
Immersion.—The words ‘‘76 mm immersion” and a line around the stem, 75 to 77 mm above the bottor Fill 
of the bulb, shall be etched on the thermometer. il y 
Special marking.—A serial number and the manufacturer’s name or trade-mark shall be etched on th eC 











stem. low 
Scale error.—The error at any point of the scale, when the thermometer is standardized as provide . W 
below, shall not exceed 1°. ; iten 
Standardization.—The thermometer shall be standardized for 76 mm immersion and for the followin 0 C 
temperatures of the emergent mercury column. These stem temperatures have been chosen as correspon‘ 
ing, on the average, to those likely to occur in the use of the thermometer: ng a 
: pn pe 
Average le U 
| _ | temperature 
Finan ae of emergent @ sl 
: mercury | te 
column Have 
eeeeeen |e Bact irfac 
° ° ang 
50 35 4 
100 49 low ‘ 
15 61 Lap 
200 70 
250 76 
300 80 ‘The: 
| ermon 
lected 











Case.—The thermometer shall be supplied in a suitable case on which shall appear the marking: ‘‘—5° (@2w 4 
+300° C., 76 mm immersion.’’ ; 

The A. S. T. M. partial-immersion thermometer for general use —5° to 300° C., D-183-25 meets thi 
specification. 
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The A. S. T. M. low S. P., —2° to +80° C. thermometer (see 
ans. T. M. D-36-26) gives within its range readings identical with 

» -4° to +104° C. thermometer specified above. The A.S. T. M. 
wh S. P., +30° to 160° C. thermometer (D-36-—26) will read very 
chtly higher than the —4° to +104° C. total-immersion thermom- 
er, the difference being less than 0.3° at 80° C. and about 0.3° or 
4 at 100° C. The partial-immersion thermometer gives true 
‘'@nperature readings which as compared with the total-immersion 
‘Mermometer (used for partial immersion as in this test) will be 
bout 0.6° to 0.7° higher at 80° C. and 1.0° to 1.1° higher at 100° C.* 


5. SUPPORT FOR RING AND THERMOMETER 


Any convenient method for supporting the ring may be used 
ovided it meets the following requirements: The ring must be 
pported in a substantially horizontal position; the top of the ring 
ust be at least 8 cm below the top of the container and the bottom 
ithe ring 2.54+0.02 cm (1 inch) above a horizontai plate or the 
ottom of the container; the distance from the center of the ring to 
ermometer bulb must be not more than 16.5 mm. 

A device for centering the ball is desirable, but not essential. 


er, D 


degrg III, PREPARATION OF SAMPLE 


Melt the sample and stir it thoroughly, avoiding incorporating 
on tigir bubbles in the mass, and then pour it into the ring so as to leave 
oe qa excess on cooling. The ring while being filled should rest on a 
rass plate that has been amalgamated to prevent the sample from 
lhering to it. After cooling, cut off the excess material cleanly 
ith a slightly heated knife. Determine the softening point within 
ee hours after the sample is prepared. . 


IV. PROCEDURE 


1. BITUMINOUS MATERIALS, RESINS, ETC., HAVING SOFTENING 
5° lin POINTS 80° C. OR LOWER 


ool Fill the glass container to a depth of not less than 9 cm with freshly 
nimpiled distilled water that has been cooled to not less than 45° C. 
‘low the softening point of the material under test, provided such 
Bitening point is not below 50° C. If the softening point is below 
son)” C. the water shall be cooled to not above 5° C. Place the filled 
ng and ball, but not in contact, in the bath and maintain the initial 
mmperature for 15 minutes. Then place the ball in the center of 
i@ upper surface of the material in the ring, and at once suspend 
e support carrying the ring, ball (ball guide if used), and horizontal 
late so that the top of the ring is not less than 5.1 cm below the 
face of the water and the —4.0° to +104° C. thermometer is 
anging approximately in the middle of the container. The figure 
iows details of ring, ball guide, support, container, and assembly 
‘apparatus except tripod and burner. Apply heat in such a man- 


ersio 


vide 





‘The use of a total-immersion thermometer for materials of low softening points and of partial-immersion 

ermometers for materials of higher softening points is recognized as a disadvantage; but the thermometers 

‘ected appear to be the best available in their respective ranges, and their use avoids the introduction 
5° t@ uew and special thermometers for this work, 


thi 
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(Ve 
ner that the temperature of the water after the first three minyig!!”° 
of heating is raised uniformly 5.0°+0.5° C. per minute. To facilitg 
uniform heating, it is advisable to place the burner midway betweg 
the center and the edge of the beaker away from the specime 
Report as the softening point the temperature indicated by {| 
thermometer (adding or subtracting any certified corrections, }y 
making no emergent stem corrections) at the instant the sam) 
touches the horizontal plate or the bottom of the container. 


2. BITUMINOUS MATERIALS, RESINS, ETC., HAVING SOFTENING 
POINTS HIGHER THAN 80° C. 


Use the same method as given under IV, 1, except that instead { 
water a suitable bath shall be used, and with materials having softeni 
points above 100°C. the — 5° to300° C. partial-immersion thermomets 
shall be used. U.S. P. glycerine is suitable for asphalts and unle@f 
otherwise specified shall be used. When the nature of the materi 
tested indicates that glycerine is not suitable, other liquids, air, , 
inert gases may be oh but in all such cases the kind of bath sha 
be stated. 

Duplicate determinations should agree within less than 1.0° ( 
a if the variation is as much as 1.0° C. a third test should b 
made. 











V. TYPICAL DETERMINATIONS 


To show the kind of agreement that can be expected with rings 4 
extreme variations of dimensions within the limits of the specification 
two straight and two beveled rings of the following dimensions we 
selected: 


























Straight rings Beveled rings 

I II Ill IV 

™m mm mm | mm 

Inside diamet 15.76| 15,93 |{ 31722) jl 
ES Taner et CREen Eee Ce 6 EN eM | 5.7 5. § { 215.78 rik 
NS ER EE OL RS REE EE EE 21.03 21. 05 21. 01 21.( 
Sag sce abs ccumadcckasashincdesneadiaeeee MRE PRE ORS | 6. 45 6. 23 6. 46 6.4 

} } 





1 Top. 2 Bottom. 
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er] 
(sing these rings the following results were obtained on three 
mples of asphalt: 





| Initial | | 
; |, Initia Rise per | Soften- 
Asphalt No. Bath hen "| minute | ing point 
y | | 








°C 


I fara 





I 
[it 
IV | 


| bes : 








The writer is indebted to G. W. Clarvoe, jr., for the drawing and 
peestions regarding the apparatus and to L. R. Kleinschmidt for 


e typical determinations. 
WasHINGTON, August 30, 1929. 
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RAYON! AS A PAPER-MAKING MATERIAL 
By Merle B. Shaw and George W. Bicking 





ABSTRACT 


Laboratory tests were conducted at the bureau to determine the paper-making 
uality of rayon when treated the same as rags are in the production of fine papers. 
otton and linen fibers are commonly used for papers, such as bonds and ledgers, 

on account of their strength and durability. In addition to their value in these 
respects, they are used in the manufacture of papeteries and other fine writing 
papers also to impart softness and other desirable characteristics of surface and 
finish. The presence in rag stock of any fiber which would adversely affect 
these qualities of the paper is undesirable. Since increasing amounts of rayon 
are being found in the rags and textile waste used in rag-paper manufacture, the 
test data are believed to be of value to that industry. 

Samples representative of the four general processes of rayon manufacture— 
viscose, nitrocellulose, cuprammonium, and cellulose acetate—were included in 
the tests. The equipment employed in the preparation of the pulp and its 
subsequent conversion into paper was on a laboratory scale, and is that used at 
the bureau for the preliminary tests of all paper-making materials under investi- 
gation. The caustic soda and lime process were each used in the cooking 
operation. Paper-making stock was prepared from the pulp, alone and in 
admixture with sulphite pulp, and converted into paper on a sheet mold. 

Owing to loss of strength when wetted the rayon filaments tended to break 
into short lengths during the preparation of the paper-making stock without the 
fibrillation and fraying necessary for good felting properties. As a consequence 
the all-rayon sheets lacked the strength to withstand the handling necessary in 
the pressing and drying operations and the pliability characteristic of rag papers. 
Likewise, sheets made of rayon in admixture with sulphite pulp were considerably 
weaker than those made from sulphite alone. 

The test data indicate that rayon is valueless in the rag stock for high-grade 
papers and may actually be detrimental to their quality. 
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I. INTRODUCTION 


The increasing amounts of rayon intermixed with other textile 
fibers in the rag stock used in paper making has become a matter of 





1 The term “rayon” as used in this paper conforms to the definition by the American Society for Test- 
ing Materials, Tentative Standards 1929, p, 721. 
203 
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some concern to rag-paper manufacturers. Cotton and linen fibers 
are commonly used for papers, such as bonds and ledgers, on account 
of their strength and durability. In addition to their value in these 
respects they are used in the manufacture of papeteries and other 
fine writing papers also to impart softness and other desirable char- 
acteristics of surface and finish. The presence in rag stock of any 
fiber which would adversely affect these qualities of the paper is 
undesirable. Rayon plays an important part in textile fabrics. 
The detection of it in the sorting of rags, however, especially used 
rags, is difficult. As a consequence the rags and textile waste used 
by the rag-paper industry may frequently contain a considerable 
quantity of rayon fiber. Information as to its paper-making quality 
when it is subjected to the same treatment as that given the cotton 
and linen in the paper manufacturing processes is therefore of in- 
terest to rag-paper manufacturers. In response to requests for such 
information, tests to obtain the necessary data have recently been 
made at the bureau. The following article describes the tests and 
includes also a brief outline of the manufacture and use of rayon. 


II. PRODUCTION AND GENERAL CHARACTERISTICS OF 
RAYON 


1. PRODUCTION AND CONSUMPTION 


Production statistics of commercial textile fibers indicate that 
rayon is now established as a leading raw material in the textile 
industry. It is included with silk, wool, cotton, and flax as one of 
the five most important textile fibers of the world? Alone, or in 
combination with other fibers, it is employed for almost every pur- 
pose for which a textile fabric is utilized. 

Practically the entire textile industry, with the exception of the 
manufacture of certain woolen goods, is consuming rayon at the 
present time. Used in combination with other fibers it is said to be 
of advantage either in enhancing the value of the fabric produced 
or in reducing the cost of the product. Of particular interest to 
the paper manufacturer is the fact that an increasing number of 
cotton mills are using rayon in large quantities, and that sales of 
cotton-rayon mixtures are steadily increasing.* Fabrics reported to 
contain appreciable quantities of rayon—used independently of 
other fibers or in a supplementary way—and which the rag-paper 
manufacturer uses, include underwear, hosiery, shirtings, dress piece 
goods, linings, curtains, bedspreads, blankets, and draperies. 


2. PROCESSES OF MANUFACTURE 


Textile fibers are of two general classes—plant and animal. Cot- 
ton and linen have been the chief contributors of plant origin for 
articles of clothing and household furnishings, while wocl and silk 
have led all animal fibers. Rayon is a synthetic fiber. The basic 





2 The production of rayon in the United States during 1928 was 97,701,250 pounds, comprising 28 per 
cent of the world’s total—347,940,000 pounds. Information on the actual sales of the various manufacturers 
indicates that this quantity was not only made but was consumed. Textile World, 75, pp. 734-736; Feb. 
2, 1929. 

3 A recent article published by the Metropolitan Life Insurance Co. states that the proportion of Ameri- 
can rayon production going to the cotton goods trade was 22 per cent in 1927, Rayon: A New Influence 
in the Textile Industries, p. 17, 
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raw material used in its manufacture is either cotton or wood pulp, 
the fundamental constituent of which, as of all plant fibers, is cellu- 
lose. The cotton cellulose used is chiefly in the form of linters, 
the short fibers adhering to the cotton seeds after ginning; the wood 
pulp best adapted is principally that obtained from spruce by the 
sulphite process.* It 1s estimated that between 80 and 90 per cent 
of the world’s production of rayon is from a wood pulp base.° 

The cellulose base is treated chemically to produce a viscous sub- 
stance, which is forced through minute apertures to form filaments. 
The filaments are hardened either by evaporation of the solvent or 
by some kind of precipating bath, and then twisted together into a 
continuous lt 

From a chemical point of view the rayon fibers are classified into 
two groups—those which are made from the cellulose in a modified 
physical form and those for which the raw material is converted into 
a different chemical product, a cellulose ester, before being made 
into the filaments. The groups differ in the solvents and methods 
used in converting the cellulose into plastic form rather than in the 
manner of forming the filaments. The first group includes the 
rayons manufactured by the processes designated as viscose, nitro- 
cellulose, and cuprammonium, and the latter is represented by the 
cellulose-acetate product. The first three types of rayon are some- 
what similar to each other in physical and chemical properties, but 
cellulose-acetate rayon has entirely different characteristics. The 
following brief description of the four methods of making rayon in- 
dicates further the differences in the resultant commercial types. 

(a) Viscose—The viscose process is the only one in which a wood- 
pulp base is commonly employed. It is the most widely used of the 
processes of manufacture. The wood pulp is first treated with a 
strong solution of caustic soda. After the removal of the excess 
alkali, the product, in the form of alkali cellulose, is ground into a 
crumblike mass, aged, and subsequently mixed with carbon bi- 
sulphide to form cellulose xanthate. The resultant gelatinous mass 
is dissolved in a dilute caustic-soda solution to form the spinning 
substance. The filaments emerging from the orifices do not nat- 
urally coagulate and are, therefore, passed through a bath for this 
purpose. The bath usually consists of sulphuric acid, some suitable 
salt, such as sodium sulphate, and glucose. The sulphur is removed 
from the filaments in a bath of sodium sulphite. 

(b) Nitrocellulose—In the nitrocellulose process cotton linters are 
nitrated by a mixture of nitric and sulphuric acids to form nitrocel- 
lulose. After a thorough washing this product is then dissolved in 
an alcohol-ether mixture to form a viscous liquid which is the spin- 
ning substance. A current of warm air causes the ether and alcohol 
content to evaporate from the filaments. Since the filaments are 
extremely flammable the nitrate element is next removed. Sodium 
hydrosulphite is the chemical most extensively used for the deni- 
tration. 

(c) Cuprammonium.—The solvent for the cuprammonium process 
consists of an ammoniacal copper-oxide solution. After the cotton 
has been purified by a caustic-soda solution and bleached it is mixed 





‘ Sulphite is a term applied to a chemical pulping process whereby wood is reduced to pulp for paper- 
making by heating under pressure with a solution of acid sulphite of calcium, or magnesium. 
§’ Rayon: A New Influence in the Textile Industry; p. 8, Metropolitan Life Insurance Co, 
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with the solvent to form the spinning material. The filaments are 
passed through a sulphuric acid bath for hardening. 

(d) Cellulose acetate——In the cellulose acetate process the raw 
material—cotton, wood pulp, or rayon waste—is mixed with acetic 
acid, acetic anhydride, 4 a catalytic agent. The resulting cel- 
lulose acetate is then mixed with acetone to form the spinning solu- 
tion and after being forced through the apertures is coagulated into 
filaments by a current of warm air. 


III. LABORATORY PAPER-MAKING TESTS 
1. FIBROUS MATERIALS 


The fibrous materials employed in the paper-making tests con- 
sisted of rayon and sulphite pulp, mixed together in different pro- 
portions, and in one case, for comparative purposes, a soda-sulphite 
mixture. The rayon included samples of spinning waste, in the form 
of thread, from the viscose, nitrocellulose, and cuprammonium proc- 
esses, and cloth waste from the acetate process. The rayon was 
supplied by commercial companies, whose assistance is hereby 
gratefully acknowledged. 


2. EQUIPMENT 


The usual preliminary treatment given the rags in the manufac- 
ture of high-grade rag paper consists of sorting into grades, cutting 
to suitable size, dusting to remove dirt, boiling to remove nonfibrous 
constituents and soften the fiber, washing to eliminate the noncellu- 
lose impurities contained in the boiling solution, bleaching to remove 
residual impurities and whiten the fibers, and beating to separate 
the fibers and reduce them to the length and condition required for 
satisfactory felting in the forming of the paper. The beaten pulp is 
then diluted to the proper consistency and the fibers are deposited 
on wire cloth and thereby converted into paper on a Fourdrinier 
paper-making machine if the work is on a commercial scale; on a 
sheet mold if sheets are desired for laboratory experimental study 
only. After being pressed and dried the paper is then ready for use. 

Tn the experimental tests described in this article the rayon was 
treated the same as rags are in making fine papers. The equipment 
employed in the preparation of the pulp and its subsequent conversion 
into paper was on a laboratory scale and consisted of a small rotary 
boiler, one-half pound beater (capacity one-half pound of dry fiber), 
fiber-sheet mold, sheet press, and dryer. This equipment is used at 
the bureau for the laboratory paper-making tests of all materials 
under investigation and except for differences noted herein is illus- 
trated and fully described in Bureau of Standards Technologic Paper 
No. 340, Caro& Fiber as a Paper-Making Material, pages 326 to 334. 


3. PROCEDURE 


(a) Cooking.—The cooking process, which dissolves the noncel- 
lulose material and softens the paper-making fiber, was also similar 
to that described in Technologic Paper No. 340, and was representa- 
tive of paper-making practice in the production of rag papers. Solu- 
tions of caustic soda (sodium hydroxide) and of lime (calcium oxide) 
were used to effect the chemical cleansing. The amounts of caustic 
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soda and lime employed were 2 per cent and 6 per cent, respectively, 
based on the weight of fiber in the furnish. The constant factors 
for each cook, whether caustic soda or lime was employed, were as 
follows: 


BS Oe, | a pound_- 1 
Eth re cna cendamecance nn weoh anne anna liters __ 6 
Raine ONC ES hoes ee beac bele wcnte deduce °F__ 250-260 
OE ee a eee ee eee pounds_ - 30 
Time for raising to cooking temperature----__.__......-------hour-_- 1 
Duration.or cooking, temperature... ......<..............--.-- hours_ _ 4 
MUO EON SUS 2 Boe en ae endow emucnwanae was hour-- Y% 


In preparing the lime solution a small amount of the water was used 
for slaking, and the remainder was later added to and thoroughly 
mixed with the slaked lime. The mixture was screened to remove 
objectionable foreign particles as it was charged into the boiler. For 
the caustic cooks the caustic soda was dissolved in the water and 
the solution was likewise screened as it was poured into the boiler. 

The cooked pulp was washed and samples were taken for moisture 
determination. From the weight of the wet material and the mois- 
ture value the fiber loss was determined. 

(b) Bleaching.—The pulp was bleached with from % to 1 per cent 
of bleaching powder, containing 35 per cent of available chlorine. 

(c) Beating —The different pulps used to obtain the fiber com- 
position desired were blended in the beater. The beating consisted 
of only brushing out the fibers until there were no lumps or knots 
and the stock was in condition to produce a well-formed sheet. A 
beater furnish consisted of pulp equivalent to 135 g weight bone-dry, 
mixed with water to 1.75 per cent concentration. 

There is a marked difference in the strength of dry and wet rayon. 
For example, the fibers lose from 45 to 75 per cent of their breaking 
strength when wet, although they regain their original strength upon 
becoming dry. Because of this characteristic no attempt was made 
to develop the maximum strength of the wood fibers, as doing so 
would have destroyed the strength of the rayon pulp. 

{d) Molding, pressing, and drying test sheets —The method employed 
in converting the paper-making stock into test sheets differed from 
that described in the before-mentioned publication only in the pro- 
cedure used in removing and pressing the sheet formed on the mold. 
The sheet of pulp on the mold was covered with a napless felt and 
upon it a perforated metal plate, a couching frame, was placed. 
The couching frame, felt, sheet of pulp, and wire cloth were then 
removed as a unit, inverted, and replaced on the mold base. Suction 
was again applied and the fiber sheet was transferred to the felt 
thereby. 

The fiber sheet and felt were removed together and placed felt 
down on a metal plate. Another felt was laid over the sheet of pulp 
and upon it another metal plate. This process was repeated until 
there were five sheets of pulp in the stack. The stack of plates, sheets, 
and felts was placed in a hydraulic press and subjected for one minute 
to a pressure of 200 Ibs./in.2, The paper sheets were then removed 
and dried. 


6 Mois H. Avram, The Rayon Industry, p. 95. Published by D. Van Nostrand Co., 1927. 
88500°—30——3 
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4. TEST RESULTS 


(a) Fiber loss—The loss of rayon fiber in the cooking and washing 
operation was from 4 to 12 per cent for all the material tested. For 
tests conducted on a commercial scale the loss would doubtless be 
much greater. The rayon filaments would be broken into shorter 
lengths and the resultant fine material carried off with the wash 
water. 

(6) Tabular data on paper made.—Data on the finished papers are 
given in Table 1 and include all the commonly applied paper tests. 
The methods employed are the standard test procedures used in the 
testing of paper. The strength measurements were made on air- 
conditioned test specimens at 65 per cent relative humidity and 70° 
F.. temperature. 
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An attempt was made to mold a sheet from all-rayon stock, but 
owing to the low strength of the wet pulp the sheet did not withstand 
the handling necessary in the remaining steps of the conversion 
process. Even when dry the paper broke readily when handled. 
For test sheets, therefore, the rayon was used only in admixture with 
a stronger pulp, sulphite. Sheets were also made from 100 per cent 
sulphite pulp and from a mixture of sulphite and soda pulps, 70:30, 
for comparative purposes. As is apparent from Table 1 and Figure | 
the addition of rayon weakened the sheet very appreciably and when 
the amount was increased to 70 per cent, test No. 6, the paper had 
very little strength. The lower strength of the sheets containing 
rayon was most marked in the folding endurance and the resistance 
to bursting, the tests most commonly applied to evaluate the quality 
of paper. 
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Fiagure 1.—Comparative strengths of sulphite and sulphite-rayon handmade 
paper 


For each test the strength of sulphite sheet is taken as 100. 


IV. DISCUSSION 


The test data indicate that rayon is not suitable for use as paper- 
making fiber. The strength of the finished paper depends upon the 
length, strength, and flexibility of the fiber from which it is made, and 
the condition of the fiber ends. The more brushed out or frayed the 
ends, the better the contact between adjacent fibers when interlaced 
in the formation of the sheet. Owing to the characteristic loss of 
strength of rayon when wet the filaments tend to break into short 
lengths during the preparation of the paper-making stock, without the 
fibrillation or splitting of the fibers and the fraying of the ends neces- 
sary for good felting properties. As a consequence the molded fiber 
sheet lacks the strength necessary for the handling in the remaining 
operations of the paper-making process. This deficiency would be 
even more marked if the stock was run over a paper machine, because 
of the increased strain to which the sheet would be subjected. 
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If rayon is used in admixture with other rag fibers and submitted 
to the paper-making treatment usually given such materials, excessive 
reduction in length of fiber results, and, consequently, considerable 
fiber is lost in the pulping operations. Also, some of the short frag- 
ments remaining in the stock may stand on end in the formation of the 
sheet and appear as fuzz on the finished paper. 

Pliability is an essential property of rag paper. Rayon treated as 
rags are, and in making fine papers, lacks the flexibility characteristic 
of cotton and linen fibers, and may, therefore, be not only valueless 
in rag stock, but actually ‘detrimental to the quality of the paper.’ 


WasHINGTON, September 18, 1929. 





7 Although rayon in rayon-cotton mixtures is apparently a complete loss to the paper manufacturer, all- 
rayon rags or fibrous waste intermixed with paper-making materials could doubtless be profitably disposed 
of if separated from the cotton and linen in the sorting process. Rayon waste is established as a com- 

modity in the textile industry and the uses to which it is put are many. Converted into yarn by the 
methods used for discontinuous fibers and spun with wool waste it is widely employed in mackinaw coats, 
sweaters, boys’ outer garments, blankets, carpets, and plushes. Some of the woolen goods in which cotton 
was once used now use no cotton whatsoever, but contain rayon instead. A real demand for rayon waste 
exists and has proved greater than the supply available, 
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A PRECISION METHOD OF CALIBRATING A TUNING 
FORK BY COMPARISON WITH A PENDULUM 


By Charles Moon 


ABSTRACT 


A photographic method for determining the relative frequency of a tuning 
fork and pendulum is described in which no energy is drawn either from the 
fork, the pendulum, or from the fork-driving circuits. A photographic record 
is obtained from which the frequency of the fork, the amplitude of the fork, 
and the amplitude of the pendulum are obtained. The accuracy of the timing 
is such that the time interval for an integral number of fork vibrations can be 
determined to 20 microseconds. If the pendulum is timed over an interval 
of one second, the error in frequency will be +0.002 per cent. If the time 


interval is increased to n seconds, the error will be +1 0.002 per cent. 


Irregularities in relative frequency have been found which are thought to 
be due to a variable rate of the pendulum caused by microseismic movements 
of the building. Curves are given showing the frequency amplitude relation 
for two forks (one of steel and one of elinvar) when vibrating freely, 


CONTENTS 


. Introduction 
. Description of method and apparatus 
. The amplitude of the fork 
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I. INTRODUCTION 


A summary of methods for calibrating tuning forks has been 
given recently by Klein and Rouse.' Since the publication of this 
summary a method using some ideas taken from the work of Ray- 
leigh ? and some from the work of Reed’ has been described by 
Curtis and Moon.* The arrangement is such that the fork is rated 
against a freely vibrating pendulum by an optical method which 
does not draw any energy from either the fork or the pendulum. 
A refinement of this method adapted for photographic recording 
is described in this paper. The results obtained have apparently 
about the ultimate accuracy possible by this or, perhaps, by any 
other method, since there is evidence of lack of perfect isochronism 
in either the fork or the pendulum. 


II. DESCRIPTION OF METHOD AND APPARATUS 


Three records are traced simultaneously on a moving film. The 
amplitude of the fork is obtained from one of these records, the 
frequency comparison and the amplitude of the pendulum from 





1J, Opt. Soc. Am. and Rev. Sci. Inst., 14, p. 263; 1927. 

2 Nature, 17, p. 12; 1877. 

* Phys. Rev., 1%, p. 282; 1901. 2 

4 Absolute Measurement of Capacitance by Maxwell’s Method, B. S. Sci. Paper No. 564, B.S. Bul., 2%, 
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the other two. The only other data needed are a few fixed dis- 
tances. A sketch showing the general arrangement of the apparatus 
is given in Figure 1. 

Light from the are lamp, X, is focused on the slit, 8,, of the tuning 
fork shutter by the condensing lens, Z,, An image of S, is formed 
on the film by each of the concave mirrors M and N; M being fas- 
tened to the pendulum and WN to the pendulum housing. When 
the pendulum is at rest, these images coincide. When the pendulum 
and fork are both vibrating, the images from M are separated by 
the rotary motion of the mirror and a ‘single dash is recorded on the 
film for each opening of the shutter. The distance between the 
dashes on the film is proportional to the amplitude of the pendulum. 
The speed of the film is such that on the return swing of the pendulum 
the dashes are distinct from those on the previous swing. These 
dashes will be hereafter called ‘‘timing lines.”” The images from 
the mirror N overlap so as to trace a solid line on the film, which 
is at the center of the path of the images formed by M. Some 
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Figure 1.—Schematic diagram showing arrangement of apparatus 


light is also focused on the slit, S,, cut in one vane of the shutter at a 
place not overlapped by the other vane. The image of S, formed 
on the film by the lens, Z,, and the mirror, 0, is a broad band from 
which the amplitude of the fork may be determined. 

Parts of film records are shown in Figure 2; (a) was made with 
the fork driven at constant amplitude; (6) with the fork vibrating 
freely. 


Ill. THE AMPLITUDE OF THE FORK 





The amplitude of the fork is obtained from the width of the broad 
band which in the widened image of the slit S. formed by the lens L, 
andthe mirror 0. The width of this band is proportional to KX + C, 
where X is the actual double amplitude of the fork; K a constant 
depending on the magnification of the lens Z,, and C the width of the 
band at zero amplitude. The constants K and (can best be obtained 
by experiment. 
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IV. FREQUENCY OF THE FORK 


If the film were wide enough to record the complete swing of the 
pendulum, the images formed by the mirror M would fall on a sine 
curve. Actually only a small part of the sine curve on each side of 
the axis is recorded so that the film shows for each pendulum swing 
only a few timing lines forming a column, which over the central part 
of the path is nearly at right angles to the axis of the curve. The 
images formed by the mirror N trace the axis of the sine curve on the 
film. 

If nearly an exact integral relation exists between the frequency of 
the fork and the pendulum, there will be a small uniform progression 
of the timing lines recorded on successive swings, so that the timing 
lines are also arranged in two series of diagonal rows, one series when 
the pendulum is swinging forward and one when it is swinging 
backward. 

These series intersect the axis at regular intervals. 
To compute the frequency of the fork, let 
P=progression of the timing line in one complete vibration of 
the pendulum, 
D=distance between timing lines one-half fork cycle apart 
measured at the center of the path of image formed by 
mirror MV, Figure 1, 
N=frequency of pendulum in cycles per second, 
F=frequency of fork, nominal value known, 
R=nominal ratio of the frequency of fork to the frequency of 
the pendulum, 
Then 
D=number of pendulum vibrations for the fork to gain or lose 
P one-half fork vibration on the pendulum. 
or 
2D=number of seconds for the fork to gain one vibration on the 
NP pendulum, 


. 
the reciprocal of this quantity or OD is the number of cycles per 


second that the fork gains or loses on the pendulum, so that 


, 
F=N R145 (1) 


The sign of NP/2D will be positive if the fork is gaining on the pen- 
dulum and negative if the pendulum is gaining on the fork. 

If the pendulum is gaining on the fork the progression will be up 
on the forward swing of the pendulum and the rows of dashes recorded 
will have a positive angle with the axis. The dashes recorded on the 
backward swings will have a negative angle. 

If the fork is gaining on the pendulum the progression will be 
opposite to that given in each case. 

Assuming that N is known with sufficient precision, the error in F 
computed from formula (1) is largely due to the error in P because D 
is usually from 10 to 40 times as large and can be measured with all 
the accuracy required. Furthermore approximate coincidences of the 
timing lines with the axis will occur every several swings of the pen- 
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dulum so that P can be expressed in terms of D. If n is the number 
of coincidences in the total time ¢ then 


purDtA 

te ae 

where A is a small quantity which shows how much the total progres- 
sion lacks of making exactly n coincidences. The sign of A will be 
positive if the total progression is slightly more than enough to make n 
coincidences and negative if slightly less than enough. 


V. OBSERVATIONAL ERRORS IN P AND D 


The errors in measuring P and D are due to a number of causes: 

(a) Timing lines which are sharp and well defined for large ampli- 
tudes of the fork become neat and diffuse for small amplitudes. 
With a free running fork the position of timing lines can be determined 
with an error of 0.02 mm when the double amplitude of the fork is 4 
mm, but when the double amplitude falls to 0.5 mm the measured posi- 
tion may be in error by 0.1 mm. 

(b) If the adjustment of the shutter vanes is such that the open- 
ings do not coincide in the rest position, the timing lines will not be 
evenly spaced, so that care must be taken to get an average value of D. 
For the same reason, on a free fork record, measurements of P must 
be taken on two adjacent rows of lines and then averaged. A complete 
discussion of the behavior and adjustment of the tuning fork shutter 
is given by Curtis and Duncan.® 

(c) The image formed by the mirror M sweeps across the film with 
a motion which is nearly simple harmonic. Hence, the distance 
between timing lines decreases as the distance from the axis increases, 
and the motion can be considered uniform only near the axis or 
center of the path. If measurements to timing lines at a distance 
from the axis are necessary, a correction must be made which will 
depend on the actual apparatus used. This correction can be easily 
computed from the equations of simple harmonic motion. 


VI. ACCURACY ATTAINABLE 


The discussion of accuracy attainable will be limited to the partic- 
ular apparatus that has been used. The pendulum is of invar with 
chromium-plated steel knife-edge supported on a sapphire plane; 
the nominal frequency was two cycles per second. A vacuum of 
approximately 0.1 mm of mercury was maintained in the pendulum 
housing. ‘Two excellent 100-cycle forks, one of high-carbon steel and 
another of elinvar were used. Both forks were very heavy with 
prongs 35 cmlong. The pendulum, forks, and camera were mounted 
on brackets bolted to the walls on the second story of a brick building. 

The accuracy of the relative frequency measurements, assuming 
that the pendulum and the fork execute perfect vibrations, depends 
on the time interval of the observation. When the pendulum is 
vibrating with a semiarc of 0.5°, the distance between timing lines 
recorded 0.01 second apart is about 10 mm, and since the position of 





§ Accurate Measurements of Short Time Intervals, B. 8, Sci. Paper No. 470, B. S. Bul., 19, p. 17; 1923. 
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a timing line can be measured to + .02 mm, the time can be measured 


0.02 . 
0 * 0.01, or 20 microseconds. 


If the fork is rated over a time interval of one complete vibration 
of the pendulum or 0.5 second, the error in frequency will be 40 parts 
in 1,000,000. By increasing the time of observation sufficiently any 
desired accuracy can be obtained. If the time interval is increased to 
five seconds, the error will be 4 parts in 1,000,000. 

The curve in Figure 3 shows two independent sets of measure- 
ments on the same film by two observers. The variation between the 
two sets is at no place greater than 0.0005 per cent. The frequen- 
cies plotted in this curve were determined for 5-second intervals. 

There is some doubt as to how far the determination of relative fre- 
quencies may be safely carried, because of the uncertainty in the pre- 
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Ficure 3.—Variation in results obtained by different observers on the same 
film record 
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cision of individual vibfations of the fork and pendulum. That a 
good pendulum can maintain an average frequency over a long inter- 
val of time with great precision is definitely established, but at the 
same time there may be a variation in single vibrations or in a group 
of a few vibrations due to microseismic movements of the pendulum 
support. 

igure 4 shows two frequency curves of the steel fork by compar- 
ison with the pendulum from records taken on two calm nights. The 
broken curve is typical of the results usually obtained. The solid 
curve has periodic fluctuations occuring at intervals of about 10 sec- 
onds. These fluctuations are too large to be attributed to experi- 
mental error, and are believed to be due to variations in the pendu- 
lum rate caused by vibration of the building. As a rule, when fluc- 
tuations have been observed they have been irregular and not periodic 
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as shown in Figure 5. A disturbance of short pendulums by earth 
tremors has been reported by G. R. Putnam,® who says: 

A curious phenomenon was noted in connection with the use of these short pen- 
dulums. When lowered on the knife-edge and brought perfectly to rest, they 
were found in a short time to take up a slight oscillation, amounting sometimes 
to two minutes of arc. This was undoubtedly the effect of earth tremors, and 
was noted at all places where they were used, including the summit of Pikes 
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Figure 4.—Solid curve shows apparent fluctuations in frequency 

of a fork which are thought to be actual fluctuations in the 

pendulum rate caused by earth tremors. Dotted curve shows 


results obtained at another time with the same fork and 
pendulum 


Mr. Putnam believed that the earth tremors caused no uncer- 
tainty in the period of his pendulums, but His pendulums were rated 
over intervals of several hours. 

The two curves in Figure 5 show the change of frequency with 
amplitude of the two forks when the driving power was cut off and 
the amplitude allowed to decrease. The driving coils and laminated 





6 Report of the Superintendent of the U. S. Coast and Geodetic Survey for 1894, pp. 39-40, pt. 2. 
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pole pieces, which were of the type described by Eckhardt, Karcher, 
and Keiser,’ were left in place. No permanent magnets are used in 
this drive. 

A number of interesting problems have been suggested but are 
without the scope of this work, which has been carried out as a nec- 
essary side problem in some absolute electrical measurements. 
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Ficgure 5.—Variation of frequency with amplitude for two 100-cycle forks 


The writer is indebted to Dr. H. L. Curtis for suggestions and 
helpful criticism. 


WASHINGTON, June 15, 1929. 





7 Phys. Rev., 17, p. 535, 1921. 
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THE PRINCIPLES OF MEASUREMENT AND OF CALCU- 
LATION IN THEIR APPLICATION TO THE DETERMI- 
NATION OF DIOPHANTINE QUANTITIES 


By Edward W. Washburn 


ABSTRACT 


A Diophantine quantity is defined as a quantity which is numericaily con- 
ditioned in such a way that it is a member of a set of known quantities. The 
measurement of such a quantity in the laboratory is therefore a problem of 
identification. The principles of measurement and of calculation and the 
precision aspects of measurements involving one or more Diophantine quan- 
tities present features quite different from those associated with ordinary physical 
measurements. In particular, the individual determinations should not be 
averaged and the most favorable experimental values are not necessarily those 
which are closest to the true value. The principles of ‘‘precision of measure- 
ment”’ as set forth in the numerous treatises on that subject are not applicable 
to the measurement of Diophantine quantities and may lead to erroneous 
conclusions. 

In the present paper an experimental procedure for measuring such quantities 
is described, and appropriate methods for treating the experimental data are 
developed. The treatment of the subject is based upon the ‘‘principle of maxi- 
mum error”’ and the methods of Diophantine analysis instead of the theory of 
probability and the calculus. Examples of Diophantine problems in chemistry 
and physics are given. 
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I. INTRODUCTION 
1. THE PROBLEM 


In the case of most physical measurements, the value finally adopted 
is a mean obtained by averaging in some manner the results of a 
number of determinations. To this final “best”? value a precision 
measure is attached as an index or reliability. The methods of 
combining experimental data so as to obtain the most reliable value 
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and the computation of an appropriate index of reliability are dis- 
cussed in an extensive literature dealing with the theory of probability 
and precision of measurements. 

All discussions of this character with which the author is familiar 
seem, however, to be confined to two types of cases which can be 
described somewhat as follows: 

Type 1.—The ‘‘correct”’ value of the quantity sought is and must 
necessarily always remain unknown. It is, however, assumed to be 
a member of a continuum of “possible” values lying between the limits 
determined by the reliability index. Most of the so-called physical 
constants belong to this type. The assumption is that if the chemical 
composition and physical condition of the system are completely 
defined, then there exists a single and definite value for each of its 
physical constants or properties. The problem is to find a given 
number of significant figures of this value and to fix the limits of 
uncertainty. 

Type 2.—In the second type of cases the individuals are either 
inaccessible to direct measurement or, if they are subjected to meas- 
urement, the result for a given individual is of no particular interest; 
that is, the actual individuals, as individuals, are inaccessible or 
unimportant. They are, however, members of a definable group, 
and the behavior of the group as found by studying a sufficient 
number of representative samples is capable of numerical representa- 
tion by the application of statistical methods. This behavior is 
sometimes embodied in that fictitious entity known as the ‘‘average 
individual,” who not infrequently has no counterpart among the 
actual individuals. 

In addition to these two types, there exists also a third type which 
apparently has not been discussed by writers on this subject. This 
type may be described as follows: 

Type 3.—The quantity sought is perfectly definite and belongs to 
an actual individual. The possible values of the quantity lying 
between the extremes determined by the accuracy of the method of 
measurement do not, however, form a continuum, but instead, all of 
these possible values, including the true or correct value, are members 
of a finite set or series of known values, and the problem which 
presents itself is the definite and certain identification of the quantity 
sought with one of these known quantities. 

A quantity of this character may be called a “numerically condi- 
tioned” or Diophantine quantity. Following are some examples of 
such quantities: 

The quantity is— 

1. A positive integer. 

2. A negative prime. 

3. The logarithm of an integral multiple of 3. 

1 


4. A member of the series 2”, in which n is a positive integer. 

5. A member of the set: (—37.3+0.8), (—20+2), (—15.3+0.5), 
(10+1), (30.1+0.2), (34.8+0.7). 

In examples 1 and 2 each member of the set is exactly known; in 
examples 3 and 4 each member of the set is known (or knowable) to 
any desired degree of accuracy; in example 5 each member of the set 
is known with a stated degree of accuracy. 
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The principles of measurement and of calculation and the precision 
aspects of problems involving Diophantine quantities present features 
quite different from those associated with the first two types described 
above. It is the purpose of this paper to discuss these features for 
cases of this type. 

Before proceeding to the detailed consideration of this type, 
however, it will be necessary to prepare the ground by an examination 
of certain features of the general problem of errors of measurement 
and in particular to formulate what we shall call the “principle of 
maximum error,” a principle which in theory is applicable to any 
type of physical measurement, but which in practice appears to be 
almost valueless except in connection with the determination of 
Diophantine quantities or of functionally conditioned quantities.’ 


2. THE PRINCIPLE OF MAXIMUM ERROR 


In the measurement of any physical quantity characteristic of a 
given constant (or reproducible) physical system, the accuracy of 
the result obtained is determined by the following elements: (1) The 
observer, (2) the technic, and (3) the equipment. The combination 
of these three elemenis ? we shall designate as the ‘“‘method.”’ 

The errors present in the immediate observational data will be of 
two classes which will be designated as vectorial and nonvectorial, 
respectively. The class of vectorial errors has a unidirectional (plus 
or minus) component. Such errors are usually called “systematic 
errors.” They must be eliminated by proper calibration and stand- 
ardization of the ‘‘method.” The remaining errors are of the non- 
vectorial type and it is this class only which will be considered in 
what follows. They will be designated simply as “errors.” 

If, now, repeated observations of the same quantity are made, 
these observations will differ from one another, from the mean and 
from the true value of the quantity by varying amounts. Experi- 
ence shows, however, that, barring mistakes, all of the observations 
will lie within certain finite limits above and below the true value. 
The deviations of the individual observations from the true value 
we shall call the “errors of the observations.” The largest error 
which could conceivably be made with the “method” employed will 
be called the “maximum error of the method.” This maximum 
error is a characteristic of the ‘‘method” and is an important element 
in connection with the measurement of numerically conditioned 
quantities, since it can be made the basis of a general method of 
treating the experimental data. In principle it could likewise be 
similarly applied to experimental data on nonconditioned quantities, 
but in practice it is of little value with such quantities because the 
maximum error can not ordinarily be determined with the required 

recision. Unless the estimated maximum error is substantially 
ess than twice the actual maximum error, it is practically valueless 
in connection with nonconditioned quantities except possibly as a 
criterion for the exclusion of an observation from the mean. 





§ Application of the principle of maximum error to the determination of the parameters of a function 
connecting two or more directly measured quantities is discussed by Campbell (Norman Campbell, 
Measurement and Calculation, Longmans, Green & Co. (London), 1928, p. 169, et seq.). The procedures 
recommended by Campbell have the merit of simplicity which certainly can not be said of most of those 
given in the standard treatises in this field. See, however, the simple procedure suggested by Edgeworth 
(Hermathena, 6, No. 13; 1887). 

1 The first of these elements—the observer—is in part suppressed when recording instruments are used. 
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3. DETERMINATION OF THE MAXIMUM ERROR 


Unfortunately no exact directions can be given for determining the 
“maximum error” of a “‘method.” The best that can be done is to 
indicate two possible types of procedure. The final details must, how- 
ever, be determined by the good judgment of the investigator. 


(a) BY ANALYSIS 


Resolve the “‘method”’ into its operation elements.2 Determine 
for, or assign to, each operaticn element an appropriate “maximum 
error.”” With the aid of the functional relation connecting the oper- 
ation elements with the final result, select a reasonable value for the 
corresponding maximum error in the result. 


(b) BY TRIAL 


Apply the experimental technic repeatedly to the same (preferably 
known) magnitude until a sufficient number of observations have 
been obtained to permit the construction of a satisfactory error-fre- 
quency curve. After eliminating any observations which are obviously 
mistakes, take as the “maximum error”? the maximum observed 
deviation, increased by some reasonable factor of safety. 

It will be noticed that in the above descriptions we have employed 
such expressions as “obviously,” “reasonable,” and “appropriate” 


which are not defined and which are essentially incapable of exact 
definition. In fact, except perhaps in purely statistical problems, 
no mathematical method of treating the observational data can 
entirely replace the scientific good judgment of the investigator. 
At most it can only suggest an orderly procedure and point out the 
logical inferences involved. 


As an example of a measurement which is itself a simple operational 
element, let us consider the measurement of the distance between 
two parallel fine lines on a plane surface. We will suppose that one 
of the lines is brought into coincidence with a graduation mark of a 
standard meter divided into millimeters and that the position of the 
second line is estimated, to the nearest tenth millimeter or better 
with the aid of a cross hair, no vernier being used. It will be generally 
agreed that a trained observer using the above apparatus and technic 
could not make an error of as much as 0.5 mm. This agreement 
would still prevail for 0.3 mm and probably for 0.2 mm. In other 
words, the value 0.2 mm would be generally approved as a reasonable 
and conservative choice for the ‘‘maximum error” of the method. 
In fact, a smaller value, say 0.15 mm, would doubtless meet the 
approval of many investigators accustomed to making observations 
of this character, but this smaller value is obviously approaching the 
danger limit, and an investigator who proposed using it would 
probably be expected to justify his choice. 


4. MISTAKES 


Observations which differ from the true or ‘“‘best”’ value by more 
than the ‘‘maximum errer” may arise from any one or more of the 
following causes: (a) Mistakes by the observer, (b) mistakes by the 
apparatus, and (c) occasional vagaries on the part of the system. 





8 The subject of “instrumental variance’’ (which is one of the elements entering into the establishment 
of the maximum error of the method) has been discussed by Schlink, Bull, B, 8., 14, p, 741; 1919, 
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(a) MISTAKES BY THE OBSERVER 


These include such blunders as the transposition of digits in setting 
down a numerical result; incorrect addition of weights during a 
weighing operation; omission or neglect of some item in a complicated 
technic; errors in computation, etc. A probable explanation can 
sometimes be found for such a mistake, and in that case the observer 
naturally has little hesitancy in excluding the observation, particu- 
larly when the discrepancy is large. 


(b) MISTAKES BY THE APPARATUS 


These arise from a temporary appearance of some variable which 
normally is absent or under control. For example, in a viscosity 
measurement a small dust particle might lodge temporarily in the 
capillary and give rise to one flow time much longer than any of the 
others in the series. A poor electrical contact might cause one elec- 
trical measurement to deviate widely from its fellows. A temporary 
stoppage of the ventilating fans of a laboratory might affect one mem- 
ber of a set of measurements appreciably influenced by barometric 
pressure. 

If such sources of error affect several of the last measurements of a 
series, the observer naturally concludes that something has gone 
wrong and proceeds to look for and correct the trouble. When the 
difficulty occurs only once, however, its cause is not always easy to 


discover. 
(c) VAGARIES ON THE PART OF THE SYSTEM 


In certain types of systems an occasional value deviat‘ng from the 
mean by more than the max'mum error may be obtained when no 
mistake has been made by either the observer or the apparatus. 


In other words this abnormal value actually characterized the system 
at the moment when it was obtained. Such a rare occurrence might 
possess a special interest in itself. Nevertheless the unusual value 
should be excluded from the mean, not because it represents a mis- 
take but because in such a situation the mean is wanted presumably 
because it characterizes the normal behavior of the system, while the 
mean obtained by including the unusual value would not represent 
a quantity having any particular interest or importance. The 
‘‘abnormal”’ value should, of course, not be rejected but should be 
recorded and discussed for any interest which it might possess. 

Having selected an appropriate value for the maximum error of a 
method there are certain logical deductions therefrom which consti- 
tute a set of rules for the treatment of the observational data on 
Diophantine quantities. These rules will be discussed below and 
illustrated by numerical examples. 


5. DIVISION OF THE PROBLEM 


The general problems associated with measurement and calculation 
in dealing with Diophantine quantities may for convenience of treat- 
ment be divided into two classes as follows: 

Cuass I.—The quantity sought is either capable of direct measure- 
ment or a value for it may be computed by ordinary mathematical 
methods from one or more quantities which are capable of direct 
measurement. Such a quantity will be called an experimentally 
determinable quantity. A general discussion is possible for this class 
of quantities. 
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Crass II.—A great variety of more complicated cases can be for- 
mulated for which no general discussion is possible. Each type of 
case must be separately considered. Following are some examples 
of such cases: 

Case 1.—Given 

x=f,(m, n, p) 


The form of the function and its numerical parameters are known. 
Only the quantity x is capable of experimental determination and 
it is required to find the exact values of m,n, and p, each of which 
is a numerically conditioned quantity. For example, they might be 
conditioned as follows: 

(a) mis a positive integer. 

(b) nis a negative even integer. 

(c) p is an integral power of 2. 

Case 2.—The same as case 1, but with the following added relation. 


y=f,(n, P) 


in which y is also capable of experimental determination. 

Obviously a great variety of cases is possible. In all of these one 
or more of the quantities sought may be a Diophantine quantity. 
Any one or more of them may or may not belong also to Class I. 
The number of functional relations given may be equal to, less than, 
or more than the number of quantities sought. Many of the mathe- 
matical problems aacuninnl in these more complicated cases are, 
in part at least, problems in Diophantine analysis, a branch of mathe- 
matics which so far as the author has been able to discover has not 
hitherto found much application in the physical sciences. 

In the following discussion we shall first consider the simplest 
type as represented by Class I. This will be followed by a brief 
outline of the method of treating a more complicated type. 


II. PROBLEMS OF CLASS I 


The quantity sought is capable of experimental determination, 
and it is conditioned in such a way that its true value must be a 
member of the ascending series 


all members of which are known. 
1. NOMENCLATURE 


M, The true value of the quantity sought. 
M,, The actual value found as the result of any single experimental 
measurement. 
5M, The actual error 
65M=+(M,-— M) 
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(6M) max., Lhe maximum absolute error which can be made with the 
experimental technic employed.‘ 


p= im The actual fractional error. 


Pmax. = (6 pie The maximum fractional error.‘ 
Mh, €M— 6M) max. ie lowest possible value for M, consistent with 


or 
M,, < M(1— pmax.) the accuracy of the method. 


“ > M+ (5M) max The highest possible value for JM, consistent 

a > M(1+ pmax) with the accuracy of the method. 

AM, The difference, M,— M,_1, between two specified members of 
the series. 


ae |The two members of the series which inclose the value V7. 
n—1 


2. GENERAL CONDITIONS 


1. The various possible values of M/, will ordinarily form a con- 
tinuum between the limits M, and M,; that is, within these limits any 
value is possible for M,. Practically, however, only a finite number 
of values need be considered. This number will be determined by the 
number of significant figures® justified in M,. 

2. As with many cases encountered in ‘precision-of-measurement 
discussions, it is necessary to know at least the order of magnitude of 
M in order to draw definite numerical conclusions concerning the 
required precision. The first step in the experimental technic is 
therefore the determination of an approximate value for M by some 
rapid method. In the present instance this determination serves to 
locate the region of the series in which M must lie and the remainder 
of the series on both sides of this region can be excluded from consid- 
eration. 

3. In the following discussion the “accuracy of the experimental 
technic” will be understood to be measured by the magnitude of 
(5M!) max. OF Pmax. and to vary inversely with these quantities. It will 
also be assumed that each of these quantities is equally likely to be 
positive or negative. 


3. APPLICATIONS OF THE PRINCIPLE OF MAXIMUM ERROR 


A number of interesting problems present themselves. In discussing 
these problems we shall illustrate our conclusions by applying them 
to a specific case. For this case we shall take usually the series 
represented by all of the even positive integers. In other words, we 
shall assume that the true value of Mis an even positive whole number. 
Evidently for such a series AM=2 and is a constant for the series. 

In general, the form in which the conclusions are expressed will 
depend upon whether the errors in the measurements are given in 
absolute terms (6) or in relative terms (p). 





‘It is assumed that vectorial errors have been eliminated. 
5 Thus if ,=240 and M:= 244 and the values of M, are read or computed only to the first decimal place, 
there are only.41 possible values for Mg. 
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In practice, one form of expression can be frequently translated 
into the other, but in some cases this is not possible, and, to make the 
treatment perfectly general, it should cover both forms of expression. 
In discussing the various problems we shall, therefore, include both 
forms as subcases (1) and (2), respectively, under each problem. 
After discussing each problem in analytical terms we shall then 
present a discussion of subcase (1) in graphical form. 

Owing to the simplicity of the graphical presentation, it is sug- 
gested that the reader turn to II, 4, on p. 233, and read the description 
of the graphical presentation before undertaking a study of the more 
exact and complete analytical presentation which we shall now 
proceed to discuss. 


(a) Ma GIVEN. TO DETERMINE THE POSSIBLE VALUES OF M. 


(1) Maximum Error Given As (5M) max—Obviously the only pos- 
sible values for M are those members of the series which meet at least 
one of the following conditions: 


M+ (6M) max < Uat U— (6M) max (1) 


(2) Maximum Error GIVEN 8S Pmax-—The corresponding con- 
dition is 
M (1 + Dues.) <M, <M (1— mes.) (2) 


Example—Given M,=241.4 and (6M)max.=4.2 Or Pmax.=2 per 
cent. Applying the above relations gives us the following table: 





240 | 242 

244.2 | 246, 2 
Mg. ‘ .4 | 241.4 | 241.4 
M—(M)n , 8 | 235.8 | 237.8 
 eeunanl Dieinehosnbhanbinspa ta Rrepunp en nie Gawain . . ap Dat. 4 | 

235.2 | 237.1 





Consequently, if (6M)nsx.=4.2, M must be 238, 240, 242, or 244; 
or, if Pmax.=2 per cent, M must be 238, 240, 242, 244, or 246. 
Relations (1) and (2) may also be written in the forms 


Min. ¢ Ma— (6M) max. (1a) 
Mrax. > Ma+ (5M) max. (1b) 
Main. < Ma/(1 + pmax.) (2a) 
Mrax. > Ma/(1— pmax.) (2b) 


which are convenient for calculating the extreme values for MV. 
Example.—If{ we apply these relations to the above example we 
have 
(a) 
Main. £241.4—4.2 £237.2 +238 


Mraz, >241.4+4.2 245.6 244 
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or (0) 
Main. £241.4/(1.02) ¢236.7 +238 


Mrax. >241.4/(0. 98) 246.3 246 


(b) (6\) max. OR pmax. GIVEN. WHAT SINGLE VALUES OF M, WILL LEAD TO THE 
DEFINITE EVALUATION OF NM? 


(1) (6M)max. GiveN.—The condition is obviously that M, shall be 
included within M+ (6M)max. for a single member of the series or, 
what amounts to the same thing, that M,+ (6M)max. shall include a 
single member of the series. In other words, in order to definitely 
evaluate M, M, must lie between the limits 


Masi— (6M) max, and My: + (6M) max. 
which may be abbreviated thus 
M nai F (5M) max. (3) 
For a series in which AWM is a constant, this is equivalent to 
(6M) max. <AM—5M (4) 
in which 6M is the actual error taken with a positive sign. 
(2) Pmax, GIVEN.—The condition is that JM, shall be included 
between the limits 
M ni (1 ¥ Pax.) (5) 


for a single member of the series. For a series in which AWM is a 
constant, this reduces to 


(M+ AM) (1 ¥ pmax.) (6) 


Example.—Given (6 M)max.=1.3 or Pmax.=0.5 percent. If M=242 
and AM=2, then M will be definitely evaluated if M, has any value 
not less than 


M-— (AM— (5M) max.) =242—2+1.3 =241.3 


or not greater than 
242 +2—1.3 = 242.7 


Or using Pmax., M will be definitely evaluated if M, has any value 
between 

(242-2) (1+0.005) =241.20 
and 

(242+2) (1—0.005) = 242.78 


The above limits are noninclusive in both cases. 


(c) WITH AGIVEN VALUE FOR M, WHAT ARE THE MAXIMUM ALLOWABLE VALUES FOR 
(6M) max. AND pmaz., IF M IS TO BE DEFINITELY EVALUATED? 


(1) For (6M)max—The condition is that 
(65M) max. Shall be< + Mni,* M, (7) 
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For a series in which AM is constant, this reduces to 
(6M) max. Shall be + M+AMFM, 
which is equivalent to relation (4). 
(2) For pmax—The condition is 


a M, + M11 
Mrs 





Pmax. Shall be < 


For a series in which AM is constant this reduces to 


+M,+M+AM 


Pmax. Shall be << , or) a 


which is equivalent to 


6M AM 
M*u 


Pmax. Shall be < aM 


Examples.— 


(1) For (6M) max. 


(a) Suppose M=242 and given M,=242.0. From relation (8) we 
have 
(6M) max. Shall be< + 242+27242<2 


(6) If M,=241, we have 
(6M) max. Shall be< + 242+27241<1 


This involves a contradiction since if the actual error (that is, 242 — 
241) is 1, the maximum error can not be less than 1. In other words, 
if M, differs from M by as much as one-half AM, definite evaluation 
of M will not be possible from a single value of M,. 


(2) For pmax. 


(a) Suppose M=242 and given M,=242.0. From relation (11) we 
i p 
ave 
—0 a 
242 * 342 
Pmax, Shall be <— 2 - <0.82 per cent. 
24! 


i+: 
(6) If M,=241, we have 
148 


Pmax, Shall be< B.- <0.41 per cent. 


1+555 


1 
5~=0.413 per cent. Consequently pmax, can not 


The actual error is => 
242 
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be less than 0.41 per cent; that is, evaluation of M will fail, if @,= 
241. 
(4) WHAT IS THE MOST FAVORABLE VALUE FOR M? 


(1) Error Given As (6 M)max—The most favorable value is given 
by 


d 


2 M, _ Mass + M,-1 (12) 


since then and only then will the allowable (6 M)max. be a maximum. 
From this relation it is obvious that the most favorable value is not in 
general the true value, M. The most favorable value for M/, is the 
true value M only when 


Moaszit+ My =2M (13) 


which is equivalent to, AJ/=a constant. For example, given the 
series 2, 4, 8, 16,32, 64, etc. Suppose the true value is 32. The most 
favorable value for M, is then at = 40, since this value will 
permit (6M)mnax, to have any value less than 32—8=24. In other 
words, if the true value of M is 32 and the accuracy of the experi- 
mental technic is + say 20 units, then M will be definitely evaluated, if 
the value obtained in the measurement is in error by +18 units, but 
the evaluation will fail if the investigator is so unfortunate as to 
obtain the correct value in the determination. A similar situation 
would exist if the correct value of M were 15, 20, 25, 30, 35, or 40, 
etc., and the series to which M belonged were the following: 10, 11, 
12, 13, 14, 15, 20, 21, 22, 23, 24, 25, 30, 31, 32, 33, 34, 35, 40, 41, etc. 
(2) Error GIVEN AS Pmax—The most favorable value for M, is 

given by 
Ma an MryiQ1 — Daz.) io M,-1(1 + Duds.) (14) 


since under these conditions the allowable pmax. has its maximum 
value which is 
Mus— Mo 


Pox < T+ Ma (15) 


Combining this with (14) gives the most favorable value of VM, 


2 Mnyi1Mn-1 


Mo=FT én Miss (16) 


For a series in which AM is constant relation (15) becomes 


AM 
Daas. < iM 


and equation (16) becomes 


_ M?— (AM) 


M,= : i 
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The most favorable value is the true value only when ° 


2 Mn: Mn-1 


iti M n+1 T M,-1 


or for a series in which AWM is constant, only when 


which is equivalent to the condition 


(4M) 


770 (20) 


(AM)? 


In words, the smaller i the more nearly will the most favorable 


value approach the true value. 
Examples.—lf M=4 and AM=2, then the most favorable value 
for M, is 
4 
U,=4—7=3 


If 14=32 and the series is 2, 4, 8, 16, 32, 64, 128 
the most favorable value for M, is 


_2X64X16_o. a; 
M, 644+16 6 


If M=100 and the series is 95, 96, 97, 98, 99, 100, 110, 111, 112, 
113, 114, 115, 120, 121, .. ee the most favorable value 
for M, is 


211099 
a oli 


(e) LEAST FAVORABLE VALUE OF M, 


(1) Error Given as (6 M)max—There are two values of VM, which 
are in general equally unfavorable and which so the limits 
at which evaluation of M from a single value of M, just fails of ac- 
complishment. They are respectively given by 


2M,= M+ M,-1 (21) 
2Me= Mat M 


While, in general, both values are equally unfavorable from 
the standpoint of the definite evaluation of M from a single value 
of M,, there is a special case in which one of them disappears. For 
example, if the series starts with M, the value M,=%(M,.,+ M), is 
the most unfavorable value. Similarly if the series ends with JM, the 
value, M,=%(M,_,+ M), is the most unfavorable value. 


and 


6 This is ordinarily an impossible condition, since it imposes an arbitrary mathematical restriction on 


the series to which M belongs. 
7 Note that here the most favorable value is less than the true value while in (1) above the most favorable 
value was greater than the true value. 
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(2) Error GIVEN AS Pmax—The two least favorable values are: 


2Mx M,-1 
M+ M,_; 
2MX Mas 


he M+ Ma 4) 


M,= (23) 


As in the above case, one of these values disappears when JM is 
the end member of a series. 


(f) WHAT ARE THE CONDITIONS WITH RESPECT TO M. AND (5 M) max, OR p WHICH 
WILL LEAD TO DEFINITE EVALUATION OF M FROM A PAIR OF VALUES. ‘OF M.? 


(1) For (6M)nax—Definite evaluation of M from a pair of values 
of M, is frequently possible when neither value alone will lead to 
evaluation. If M, and M’, are the two values, then definite evalua- 
tion will result, if 

a (6M) max.> Mn-1 (25) 
M’'-.+ (6M) max.< Mrs (26) 


M.>M>M'. 27) 


and 


(2) For pmax-—The corresponding conditions are 
| Miu2.> M,-1 (28) 
M’," + , a 4 M n41 (29) 
M.>M>WM"', (30) 
Example.—Using our type series 238, 240, 242, 244, etc., suppose 
M=242 and (6M)max.=3. It is obvious that no single value of M, 
can lead to definite evaluation of M@. From relation (25) we have 


M,>240 + 3>243 
M'.<244-3<241 


and 


That is, if two values are obtained for M,, one of which is greater 
than 243 and the other less than 241, M will be definitely evaluated. 
{valuation by this method is mathematically possible no matter how 
great (64f)max. OF Dmax, May be. It is of no practical importance, 
however, when the steps in the series to which M belongs are small 
in comparison with (6M)nax. (See further below, pp. 237 to 241.) 


4. GRAPHICAL REPRESENTATION 


The relations deduced in the foregoing pages may be illustrated 
graphically. We shall discuss this method only for (6M)max. Its 
extension to cover the case in which the error is given as Pmax. will 
be obvious. 

Imagine the members of the group in the neighborhood of JM, to 
be located on a uniform scale. We may now proceed as follows: 

1. From the locus of a given value of M, as a center draw a circle 
with the radius (6M)msx, If the circle contains only one of the M@ 
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points, M is definitely identified. (The word “ contains’’ will be here 
understood to include values lying upon the circumference as well 
as those lying within the circumference.) 

2. If the above procedure is followed for two or more values of M,, 
then JM will be definitely identified, if any two of the circles contain 
only one M point in common, even though each circle contains more 
than one J point. 

3. Identification will follow from any value of M;, if no center can 
be found for a circle which will inclose more than one M point. 

4. Identification by 1 above may follow, if any center can be found 
for the circle which will inclose only one M point. 

5. The locus of the most favorable M, value is a point from which 
as a center the largest possible circle containing only one M point 
can be drawn. The radius of the smallest of these “most favorable 
circles” is the value below which (6M)n.x, must lie, if identification 
is to be possible from a single value of M, for the most unfavorable 
case in the group of possible M values. 

6. A least favorable JM, value is similarly a point which is the center 
of _ circle (containing only one M value) which has the smallest 
radius. 


5. A SPECIAL CASE—THE KNOWN MEMBERS OF THE SERIES ARE 
NOT EXACTLY KNOWN 


In all of the preceding discussion we have assumed that the members 
of the set of known quantities were exactly known (or knowable). 
If this is not the case, we have the situation illustrated by example 5, 
p. 222, and the foregoing discussion must be modified. The necessary 
modifications can best be indicated by using the graphical method. 


In this method it is necessary only to replace the M points by circular 
areas, the radius in each case being taken equal to the maximum 
uncertainty in the value of the corresponding M, the center being the 
“best value” of the M. Instead of M points we now have M areas 
and the preceding discussion is applicable, if for “‘/ point”’ we sub- 
stitute ‘“‘any part of an M area”’ in all cases in which the “containing” 
of an M point is involved. 

A numerical example will illustrate this case. The unknown 
quantity is known to be one of the members of the following set: 


(200 + 5), (210+ 1), (212.0+0.2) 


1. Identification will be certain from any value of M,, if (6 Wax. 
is less than the smaller of the two quantities 


(210—1)— (200+ 5) _ 


9 2 





and 
(212.0—0.2) — (210 +1) 
2 





=0.4 


that is, less than 0.4. 

2. If (5M)max. is less than 2, definite identification will result or 
the value 200 will be eliminated. 

3. If the actual value is 210, definite identification will result, if 
(6M)max.<0.8, provided the value obtained for M, is less than 
211.8— (5M) max. 
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4. If 210 is the actual value, the most favorable value for M, 
is 210.4, since with this value for M, definite identification will result, 
if (6M) max.<1.4. 

It is obvious that if any two of the M areas have one or more 
points in common, identification with one of such a pair of MV areas 
can never be certain. 


6. EXPERIMENTAL PROCEDURE 


An appropriate experimental procedure to be followed in cases 
belonging to the subject of this paper will now be described. Each 
step of the procedure will be given, together with an illustrative 


example. 
(a) PRELIMINARY DETERMINATION OF M 


Determine M approximately by any convenient rapid method and 
write down the corresponding members of the series. 

Example.—Suppose we find M=242+5 per cent and that the 
members of the series in this neighborhood are the following: .... 
216, 220, 224, 228, 232, 236, 240, 242, 244, 246, 248, 250, 254, 258, 
262, 266, 270.... 


(b) COMPUTATION OF VALUES OF (6M) max. AND OF pmax. WHICH WILL MAKE CERTAIN 
THE EVALUATION OF M FROM A SINGLE VALUE OF M, 


1. VaLur or (6M),,,—For the above series the smallest value of 
AWM is evidently 2. Consequently we have (see p. 230, supra) 


(6M) max. Must be<1 (31) 


2. VALUE OF Pmax—Since JM is unknown it is necessary to provide 
for the least favorable case. This is the case which will give the 
smallest value of p in the following expression: 


2 
~ (CF Mss) — 
in which the + sign is to be taken in the sense which gives the smaller 
value for p. 

Example.—For the above series the values of p so calculated are 
shown in Table 2 in the column headed p;. For the least favorable 
case it is obvious that 


Pmax. Must be <0.4 per cent 


(c) COMPUTATION OF VALUES OF (5M) max. FOR WHICH —— OF M IS POS- 
SIBLE FROM A SINGLE VALUE OF 


(1) For (6M)nax—From the general relation 
(6M )max.<<AU—-6M (4) 
it is obvious that evaluation of M is possible whenever 
(6M)max.<AM (33) 


In the above series the smallest value for AM is obviously 2. 


(2) For puax—The condition is expressed by relation (15) or (17). 
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Example.—For the series under consideration these values for 
Pmax. ate Shown in Table 2 in the column headed p,. For the least 
favorable case it is obvious that 


Pmax. Must be <0.8 per cent 

















TABLE 2 
| 
For M= | Pi | COP For M= —1 pr 

|Per cent) Per cent || Per cent|Per cent 
"Ee CES oe) A / 0.901! 1.818 24 Male Ei? g Milisiis O10! | ' 0.408 | 0.820 
AL eel RRR Sa a: eee 875 | 1.785 || 246_- 227-2220 o LT ER | .406 .813 
© bbe hat ELT BE AES .870 | 1.754 m8. a neat NG Selb aati ae ee 402 . 806 
_ Ep tie ; tae | |. a ent 402 1.195 
Ce ee ee . 840 | 1. 695 EET ES eae ae eee 782 1. 575 
__ eee 05) IO. SE EIB nae cccmecckcccasecunecoacus | . 769 1. 550 
_ ERSEERLE ID LER A A | 411) 8 | | eae iies FA | 73881 1698 





(d) SELECTION OF (6M) maz. OR OF pmax. 


If the conditions set down in 2 above can be readily met, this 
should of course be done and M can be definitely evaluated from 
a single determination. Even in this case, however, check deter- 
minations would ordinarily be made to eliminate the possibility of 
‘‘mistakes.”’ 

If this condition can not be readily met, then the smallest prac- 
ticable value of (6M)max. or Of Pmax, Should be selected and repeated 
observations made. 


7. TREATMENT OF THE OBSERVED VALUES 
(a) GENERAL METHOD 


From the first value obtained for M, deduce (as explained above, 
p. 228) the possible values of M. Do the same for the second value 
of M,. Strike out of the two sets of possible M’s all values not 
common to both sets. Proceed similarly with each M, as it is 
obtained until only one value of M remains as a possibility. Obvi- 
ously the true value of JZ must be contained in all of the sets of 
possible M values. As soon as M has been identified in this way the 
result may be checked by additional determinations of M, treated 
in the same way. A check is obtained as soon as the same M emerges 
a second time as the only value common to all the sets. 

If a number of determinations (say seven or more) have been made 
without obtaining a definite identification of UM by the above pro- 
cedure, or if the chance of obtaining identification by this procedure 
is small, the investigator may prefer to treat his measured values by 
the target procedure which is described below. This procedure may 
also be used in addition to that described above, if desired. 

Example.—Given Pusx.=0.7 per cent. Suppose our first experi- 
ment gives M,=240.4. We now prepare the following table: 


TABLE 3 











TI eae oe eT eee ee a ee ee eee 240 «=| 242~—s«| «24 
5 Tai: Sidi ad Ae CAR NRE SDR EREE AS RPS PANNE am 241. 68 | 243.70 | 245.71 
ies ey RISER DORA RA MOG ALD GOA Aine Dd chk REGS 238. 32 | 240.30 | 242. 29 











Evidently the only possible values for M are 240 and 242. 
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Second experiment.— M, = 240.5. 
are 240 and 242. 

Third experiment.— M,= 241.9. The only possible value for M is 
242. Hence, M must be 242. 

This is a complete identification. If treated in the usual way 
these measurements would give as an average 240.9 with an average 
deviation of + 0.9 and the identification would be in doubt.® 

In this example the value 241.9 is alone sufficient for identification. 
If instead. of 241.9 we had obtained say 243.0 in our third experiment, 
the corresponding possible values of MM would be 242 and 244. This 
result combined with either of the preceding ones would also give 
242 as the only possible value. 

The above procedure is in sharp contrast with that ordinarily 
followed in physical measurements, in that (1) the individual measure- 
ments are not averaged, and (2) the most favorable values are not 
necessarily those which are closest to the true value. 

Mistakes —In the above procedure nothing has been said concern- 
ing the detection and elimination of values of MM, which are affected 
by mistakes, nor is it necessary to include any special machinery for 
this purpose in the case of large mistakes. The procedure automati- 
cally eliminates such values. For example, suppose the first value 
of M, yielded 230, 232, and 234 as possible values for M and the sec- 
ond determination gave 240, 242, and 244. Since the true value of 
M must belong to every set of possible values, one of the above values 
of M, must contain a mistake. It is not necessary, however, to 
make special provision for detecting and rejecting large mistakes of 
this character, since the procedure automatically eliminates them. 

The situation which arises in the case of small mistakes, however, 
requires further examination. A small mistake may yield an M, 
value differing from the true M by an amount only a little greater 
than (6M)nax.. This result is equivalent to, and in practice can not 
be distinguished from, the selection of a value of (64/)max. slightly 
smaller than the true value. The two effects may, therefore, be 
discussed together. 

Such a situation, if it occurs early in a set of M, determinations, can 
under some circumstances lead to an erroneous conclusion. For 
example, using our type series, suppose that the correct JM is 242 and 
that (6M)max. is estimated to be 1.5. Given 


1. M,=240.4, hence Af= 240. 


The only possible values for M 


This value is incorrect. The only recourse is to make a sufficient 
number of check determinations. For example: 


2. M,=241.1, hence M=240, or 242. 
3. M,=242.3, hence, M=242. 
4. M,=243.2, hence M=242, or 244. 





8 This is admittedly an improbable case; that is, in an actual set of measurements it is unlikely (but not 
rapa ae | that the first two results obtained will be low by amounts approaching the maximum error of 
e met ° 
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It is now clear that the first observation contained a mistake, or that 
the value selected for (6M)max. was not chosen with sufficient 
conservatism. 

If we assume that the first value of M, was affected by a mistake, 
and we must make this assumption if we retain our confidence in the 
value selected for (6M)max., then the other three values check one 
another in yielding 242 as the value for M. If, however, we reex- 
amine our grounds for selecting (6 M/)max. and decide, let us say, to 
raise our estimated value to (6M)max.=2.0, then the above observa- 
tions would give 

1. M=240 or 242 


2. M=240 or 242 
3. M=242 or 244 


4. M=242 or 244 


and M is evidently 242. 

In other words, if (6M)max. 2.0 the above set of observations 
gives two independent evaluations of M, since 1 and 4 together and 
2 and 3 together both yield M=242. The same is, of course, true 
of 1 with 3 and 2 with 4. If, however, (6M)n,x.=3.1, then the above 
set of observations would still yield M=242, but the evaluation 
would now come only from the two extreme values, 1 and 4, and if 
either of these values contained a mistake the conclusion might be 
in error. In other words, an evaluation which depends solely on 
one M, value or solely on the two extreme members of the set should, 
in general, be checked by additional determinations or confirmation 
should be sought from the target method. 


(b) THE TARGET METHOD 


We have now to consider the treatment of a considerable number 
of observations which, by the methods outlined above, have failed 
to yield a definite evaluation of M. 

The problem may be illustrated by the following situation. Assume 
a marksman whose shots have the property of randomness and whose 
shooting has an accuracy which can be represented by a circle of 
radius # inclosing the target; that is, no shots will fall outside of 
this circle. Place before this marksman a set of targets only one of 
which is exposed. The marksman now makes a series of shots at 
the exposed target. The problem is to determine, from the distri- 
bution of the hits, the target which was exposed during the firing. 

Bring the center of the circle of radius R into coincidence with 
each target in turn. For the actual target fired at, this circle must 
inclose all of the hits. This test will eliminate all but a small number 
of targets and the problem is to select the actual target from this 
small number of possibilities. 

In the case of physical measurements of numerically conditioned 
quantities the possible values of M remaining after treatment of the 
observations by the methods of the preceding pages correspond to 
this small number of possible targets. For selecting the correct value 
from among these possible values the following methods suggest 
themselves, 
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Exclude any values of M, whose corresponding set, of possible M 
values does not include any members of the final set of possible M 
values. Treat the remaining M, values by one or more of the follow- 
ing procedures. | 

1. Each value of M, considered by itself yields a set of possible 
values for M. A given M will occur n times in the group of these 
sets. Using values of M as abscisse and corresponding values of n 
as ordinates, construct’ the frequency-of-occurrence curve. This 
curve will have a flat maximum on which will be found the only 
values of M consistent with the whole set of observations. Locate 
the ordinate which bisects the area under the curve. The most 
probable value for UM is the value closest to this ordinate. This 
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procedure should be applied only when the set of M values is 
characterized by a constant value of AM. 

If a sufficient number of observations have been made, the flat 
maximum should always contain an odd number of points, the mid- 
point being the true value of M. This value should, in general, be 
also the median of the whole set. 

2. (a) Average the M, values. (b) Take as the most probable- 
value of M that member of the M series which is closest to the 
average M,° 








°If the values of M, are directly measured or are computed from measurements of a single variable, 
the average value is usually taken as the arithmetic mean. If, however, M. is a function of two or more 
measured quantities from which it is computed, then a method of averaging appropriate to the situation 
should be employed. Such methods are described in treatises on precision of measurement. That de- 
scribed by Campbell (see p. 162 of reference in footnote 1, p. 223), for example, employs the principle of 
maximum error in obtaining the average and its precision measure, 
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3. Take as the most probable value of M that member of the MV 
series which is closest to the median of the set of M, values. 
Example.—Given (6M)max.=7, AM=2, and the values of M, 


shown in Table 4. 
cedures 2 and 3. 

















This table illustrates the result of applying pro- 
Procedure 1 gives the curve shown in Figure 1. 
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Possible values by methods of preceding pages, 240, 242, 244. 


If the procedures check one another in clearly designating one and 
the same M value, there is considerable probability that it is the 
correct value. If the procedures do not check one another, or if, for 
example, the mean M, is about halfway between two members of the 
M set, identification is in doubt and a more accurate method of 
measurement should be employed. Obviously the results obtained 
by the target procedure will be materially strengthened, if it is first 
applied to the data obtained by applying the experimental ‘‘method” 
to one or more known members of the J series in the neighborhood 
of the value sought. This amounts to a calibration or standardiza- 
tion of the experimental ‘‘method.”’ 


8. RESUME FOR CLASS I 


The procedure for the identification of a numerically conditioned 
quantity open to direct experimental determination may be summed 
up as follows: 

1. Approximate determination of the quantity and consequent 
limitation to a small number of possibilities. 

2. If possible and convenient, select (6M)max. OF Pmax. SO that a 
single determination will be certain to yield positive identification. 

3. If this is impossible or inconvenient, then if feasible, select 
(6 M)max. OF Pmax. 0 that a single determination may lead to positive 
identification. In any case proceed with the determinations until 
the combined conclusions obtained by treating each determination 
separately lead to positive identification or until the investigator 
prefers to resort to the target method. 

When positive identification has not been attained at the end of a 
number of determinations (say 7 or more), the investigator may pre- 
fer to treat his combined results by the target method instead of con- 
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tinuing his determinations. This situation is likely to arise (a) when 
the investigator has been too conservative in estimating the value 
of (6M)max. OF Pmax. for the technic and apparatus employed; or (6) 
when the requisite values for MM, lie in the neighborhood of M,+ 
(5M)max. Under these circumstances the probability of obtaining 
sufficiently favorable values of M, may be small. 

In general, the target method will have to be resorted to whenever 
(§M)max. is large in comparison with AWM, since with increase in the 
ratio, (6M)max./AM, the situation approaches that which prevails in 
physical measurements of nonconditioned quantities. The target 
method will also be frequently employed for purposes of confirmation 


Ill. PROBLEMS OF CLASS II 
1. A PROBLEM INVOLVING FUNCTIONS OF TWO VARIABLES 


We shall now consider briefly the following case: 
Given 


M=14n+2z (34) 
n 


and the following conditions: 

(a) n is @ positive integer, 

(b) x is a member of the closed series, 2,0, —2, —4, —6,---- (2—2n) 
(c) M and r only are capable of experimental measurement. The 
general problem is to determine the exact values of n and z. 

It is obvious to begin with that Mis an even positive integer. Also 
up to any given value of n there are only a finite number of values 
possible for r and these are all calculable. MM and r are, therefore, 
Diophantine quantities belonging to Class I. 

Belonging to each possible value of M or of r there are only certain 
possible values for n and z. ‘Thus there are 42 values of M for each 
of which only one value of n and only one value of z is possible. If, 
therefore, M is definitely identified as one of these 42 values, n and x 
will be also determined thereby and the experimental determination 
of r will be unnecessary. There are also 42 values of MV for each of 
which 2 values are possible for n and x, 42 for which 3 values are 
possible, etc. There are also 15 members of the M series of even 
positive integers for which no values of n and & are possible. 

For each finite value of r there exists a minimum value for 7 and a 
minimum value for x, the other possible values being the integral 
multiples of these values. The corresponding values of M belong 
to the series (14 Mmin.+2%min.) X J in which J is a positive integer. 
This is a series in which A / is constant and equal to (14 Mmin. +2min.)- 

Thus for example, if r is found to be — 0.875, Min. =7, Cmin. = — 8. 
The n series is defined by 7 x J, the z series is in correspondence and is 
defined by —8X/J, and the WM series is defined by 90 J. This last 
is a series in which AM=90. Consequently, M will be identified with 
certainty from any single value of M,, if (6M)max.<45. 

In many cases, however, the exact value of r can not be determined, 
but only certain limiting values determined by the magnitude of 
(6r)max. For example, suppose we find 


r= —0.875 + 0.003 ° 
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For values of n not exceeding 100 it can be shown that the possible 
values of n must belong to the series 


(7X1), (724+7XJ) or (75+7X TJ) 


the possible values of —zx are the corresponding (1 to 1) members of 
the series 
(8X J), (824+8%XTJ) or (8648 J) 


and the possible values of .V belong to the series 
(90 x J), (926+90 J) or (964 +90 x J) 


It is obvious, therefore, that if VM, is determined with any given 
accuracy (6M)max., the possible values of M, n, and zx will be limited 
to a small number of known quantities and one can then easily compute 
the accuracy necessary in r in order to select from these values the 
correct ones. Similarly if r is determined with a given accuracy, 
(6r)max., the possible values of MM, n, and x will be limited to a known 
set from which the correct values can be selected provided MM is deter- 
mined with an accuracy, (6M)max,, which can be readily calculated. 
The errors in the determinations of M, and r, can, therefore, be as- 
signed to meet the convenience of the investigator; that is, within 
certain limits (which can be computed in any given case), (6M)max. 
can be made large and (ér)max. small, or vice versa, or any desired 
distribution can be made. 

For any given accuracy in M,, rz being undetermined, or for any 
given accuracy in 74, M, being undetermined, or for any given values 
of (6M)max. and (6r)max., both M, and r, being determined, it is pos- 
sible to compute the limits between which n and x must lie. 

In other words, it is possible to compute for each value of M, the 
corresponding set of possible values of MM, n, and x. Similarly for 
each value of r, it is possible to compute the corresponding set of 
possible values of M,n, andz. The true values of n and x must belong 
to both of the sets of possible values so computed. The computations 
of the sets of possible values are problems in Diophantine analysis. 

This case will not be discussed in any further detail in this paper, 
since the detailed discussion of an artificial case would have an aca- 
demic interest only. There are many actual scientific problems which 
involve one or more numerically conditioned quantities, and one of 
these problems will be fully discussed in a later paper. 


IV. EXAMPLES FROM CHEMISTRY 


As examples of scientific problems involving numerically conditioned 
quantities, the following may be cited: 

Example 1.—Given, a sample of a pure chemical substance contain- 
ing only carbon, hydrogen, and oxygen. Required, its empirical 
formula. 

The formula may be written, C,H,0,.. The laws of valency and of 
atomic proportions impose the following conditions: 

(1) a is a positive integer. 

(2) b is a positive even integer. 

(3) c is a positive integer. 

(4) 6 >2a+3. 
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We have also 


(5) M=12a+b+16c+ (0.0077b) 


where M is the molecular weight. MM is experimentally determinable 
and is itself a numerically conditioned quantity belonging to Class I. 
[t differs from an even whole number only by the small quantity 
0.00776. 

We may, if we wish, have at our disposal also or instead, either or 
both of the following relations: 


x) os 
(6) Co ae M 


1.00776 
(7) _— 7 aie 


in which re and rq are experimentally determinable numerically 
conditioned quantities; that is, they belong to Class I. 

Example 2.—Given a sample of a pure chemical substance known 
to have the empirical formula C;H,O. Required to determine 
which of the various possible isomers it is. 

If some one property has been measured for each isomer and if 
these values are available in the literature, the identification can be 
made by determining this property for the substance in question. 
It is obvious that under these conditions we are dealing with a numer- 
ically conditioned quantity belonging to Class I and of the kind dis- 
cussed on page 234, section 5. 

If the corresponding necessary conditions for definite identification 
can not be met, then we may take also (or instead) some other property 
for which data are available for the different isomers. For absolute 
certainty of identification it is essential that every possible isomer 
be included at least once in the group of sets of property values taken. 
If several sets of property values are available, however, identifica- 
tion will in many cases be practically complete, if the isomer in ques- 
tion is included in all of the sets, even though one or a few of the 
isomers may not appear in every one of the sets. 

The accuracy necessary in the measurement of the property will 
depend upon the number of properties which are measured, the accu- 
racy with which the values in the sets are known, the number of sets 
of properties in which a given isomer appears, the nature of these 
sets, and the distribution of the known values in the sets. 

Example 3.—Given a pure chemical substance. Required toidentify 
it by means of its properties. This example is similar to the pre- 
ceding one except that the possibilities, instead of being restricted 
to a comparatively small number, include all chemical substances 
known and unknown. ‘The success of the identification is materially 
affected by the choice of the property or properties to be measured. 
The principles governing this choice will not be discussed here. We 
shall content ourselves with an example based upon the use of the 
following extensively available properties: Freezing point, normal 
boiling point, and density. Starting with the freezing point suppose 
that we find —25+1°C. 
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From some compendium of freezing-point data we now select those 
substances which have recorded freezing points within say—25+ 6°. 
If we use International Critical Tables for this purpose, we obtain a 
list of 69 substances. We now determine the normal boiling point 
of our substance and find 81+1°. We now obtain a similar list 
of substances boiling within say 8146. We compare the two lists 
and eliminate all substances not common to both lists except those 
appearing in one list which have no value recorded for the property 
corresponding to the other list. 

This procedure reduces our list to 16 items. We now measure 
the density of our substance at 20° and find 0.690+0.001. From 
our 16 items we now discard all having density values outside the 
limits of 0.690+ say 0.005, This leaves us with the following items: 


TABLE 5 





Substance 
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(2) SCl_-.- meee! 
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We are now justified in concluding that our substance is one 
of the 10 substances appearing in the above table, or it is a sub- 


stance which did not appear in the lists employed. Undoubtedly 
most of the above substances have been retained in our final list 
solely because only one property is recorded for them. To reduce 
our list still further we must resort to chemical means or to the 
measurement of another characteristic..° Fortunately there is one 
property which is accurately known for all of these substances, 
that is the molecular weight. Suppose, therefore, we make a molec- 
ular weight determination and find 99+5. Our list is now re- 
duced to items (3), (4), and (9). A combustion analysis or a bromine 
or iodine number determination will eliminate either (3), or both 
(4) and (9). If No. (3) is eliminated in this way, we may resort to 
chemical methods to distinguish between (4) and (9); or, if the re- 
corded data are trustworthy, to a more accurate determination of 
boiling point, density, or some other physical property. 

It is obvious that the atomic weights of the elements, the atomic 
numbers of the elements, and the proportions with which the elements 
combine are all examples of Diophantine quantities. Consequently, 
any property or numerical characteristic of a substance which is a 
known function of any one or more of these quantities is itself a 
Diophantine quantity, and the problem of determining its value by 
measurement in the laboratory is a problem belonging to the subject 
of this paper. 








10 The chemist would materi ahi d lethids this list on the basis of obvious chemical characteristics or simple 
chemical tests. 
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V. EXAMPLES FROM PHYSICS 


In the measurement of any magnitude composed of quanta, the 
problems involved in the precision aspects of the measurements 
are, in the last analysis, Diophantine in nature. In principle, nearly 
all physical quantities seem to be acquiring a Diophantine character 
with the continued extension of the process of quantization in physics. 
In the vast majority of cases, however, the quantization is as yet 
too fine-grained to be distinguishable from perfect continuity in so 
far as it can influence problems in precision of measurement, but with 
the continued development of quantum theory and the ability to 
measure small magnitudes, more practical examples are likely to be 
found. The method of treatment of such problems can be generalized 
as follows: 

Given a class of magnitudes composed of quanta of the same 
kind. Required to determine (a) the number of quanta in a given 
magnitude and/or (b) the most accurate value of the magnitude of 
a single quantum. We proceed as follows: 

1. Determine as accurately as convenient by any available method 
the approximate magnitude of the quantum. 

2. Measure as accurately as possible the value of a magnitude 
composed of approximately n quanta, n being appropriately chosen 
(in accordance with the result obtained in 1) so as to make possible 
operation 3. 

3. Divide the result obtained in 2 by that obtained in 1 and take 
the integer nearest the quotient. This will be the exact value " of n. 

4. Now divide the result obtained in 2 by this exact value of n. 
This will give a new and more exact value for the magnitude of the 
quantum. 

Using this new value, the above series of operations can now be 
repeated with a larger value of n and a still more accurate value 
for the magnitude of the quantum obtained. Continued repetition 
will result in continued improvement in accuracy as long as the new 
magnitude composed of the nm quanta can be measured with a higher 
percentage accuracy than can the corresponding smaller magnitude 
in the preceding series. The accuracy required in the various steps 
of the above procedure can be readily computed by the methods 
outlined in the preceding pages. 

Having once determined as accurately as possible by the above 
procedure the value, qg, of a single quantum, then at any future 
time the value of any magnitude composed of n quanta can be found 
to the same accuracy with which g is known merely by measuring 
the magnitude with an accuracy sufficient to evaluate n. 

For example, suppose it is desired to obtain, with an accuracy 
of about 0.1 per cent, the magnitude of an electrical charge which 
has been measured approximately and found to be (94+2 per 
cent) X107-" esu. Dividing by the value of e=4.77010~-", we 
obtain, n=19.7+0.4=20 and the value of our magnitude is 
20 X 4.770 X 107° = (95.40 + 0.1 per cent) X 10~"° esu. 

The above principles are applied for the purpose of determining 
the period of an undamped oscillator (such as a pendulum, for 





11 Method of counting by measurement. Used, for example, by Millikan to determine the number of 
elementary charges of electricity on a charged oil drop (Phys. Rev., 2, p. 124; 1913). Used also in a variety 
of industrial machines in which, by automatic or semiautomatic devices, weighing operations are utilized 
for counting industrial quanta, such as pins, nuts, bolts, coins, sheets of paper, etc. 
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example). The period is here the quantum and the total elapsed 
time between any two passages in the same direction through a 
given point is the larger magnitude composed of the n quanta. 

If the “‘period”’ of the oscillator is accurately known then it might 
be employed for the accurate measurement of a time period composed 
of a whole number of such quanta. The period, or rather the cor- 
responding wave length, is in the case of light waves employed in 
measuring distances with an interferometer, the principle of the 
method being substantially that used in the example of the electrical 
charge given above. 


WASHINGTON, July 18, 1929. 





DURABILITY TESTS OF SPAR VARNISHES 
By C. L. Came 


ABSTRACT 


Fifty commercial spar varnishes, which had been tested for conformity to 
Federal specification No. 18b, were exposed to several accelerated weathering 
cycles and outdoors. Kauri reduction values were also determined. The var- 
nish was applied both by whirling and brushing. Sand-blasted and nonsand- 
blasted panels were used. 

This paper correlates the tests mentioned above and also gives the results of 
similar tests made on experimental varnishes, prepared in the laboratory from 
various oils and resins. 

A short bibliography pertaining to the subject matter of this paper is appended. 


CONTENTS 


. Introduction 
. Durability of 50 commercial spar varnishe 
1. Accelerated weathering tests 
2. Outdoor weathering tests__________- 
3. Relation between kauri reduction values wnd outdoor ex- 
TT OVC os. daisies oes An gy his akieede was 
4. Relation between accelerated weathering tests and outdoor 
exposure tests 
5. Relation between outdoor exposure tests and results of tests 
for conformity to Federal Specifications Board specifica- 
tion No. 18b and outdoor exposure 
. Durability of a series of 30-gallon varnishes made in the laboratory - 
. Conclusion SE ‘alps saplale alae ities adh nh 
BD Tiki LRN NR Ad RIES RNS fei oh = < : 


I. INTRODUCTION 


In determining the relative durability of varnish coatings in 

“accelerated weathering cycles” and outdoors many interesting 
questions have arisen from time to time, such as the following: 

What accelerated weathering cycle, using the carbon arc light, will 
soonest cause the failure of varnish coatings and will give a relative 
order of failure for a given set of varnishes similar to that given by 
roof exposure? 

Will a given set of varnishes exposed outdoors at different seasons 
of the year fail in the same relative order? It is, of course, well 
known that the same varnish will last considerably longer ‘when 
exposed in October than when exposed in May, mainly because of 
the lower intensity of the sun’s rays in the winter months. 

How does the kauri reduction test compare with the accelerated 
weathering test as an indicator of the relative durability outdoors of 
a given set of varnishes? 

Will a given set of varnishes fail in the same relative order when 
the coating is applied by whirling and when it is applied by brushing 
(assuming that the brushing is all done by one operator)? Also, is a 
sand-blasted panel to be preferred to a nonsand-blasted panel? 
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How does the relative durability outdoors of the spar varnishes 
meeting Federal specification No. 18b compare with the durability 
of spar varnishes which do not meet this specification? 

How do spar varnishes made from the amberol type of resin com- 
pare in durability outdoors with varnishes made from rosin, ester 
gum, and kauri? 

The work discussed in this paper was undertaken for the purpose 
of obtaining answers to the above questions. 


II. DURABILITY OF 50 COMMERCIAL SPAR VARNISHES 
1. ACCELERATED WEATHERING TESTS 


The apparatus used for the accelerated testing is the same as 
described by Walker and Hickson.’ Briefly, it is a carbon arc light 
operated on a 220-volt d. c. circuit, at 13 amperes, inclosed in a 
pyrex globe and suspended in the center of a chamber consisting of a 
rotating cylinder 76 cm (30 inches) in diameter and 38 cm (15 inches) 
high, open at both ends. The cylinder is provided with water sprays 
so that it is possible to expose the panels in succession to intense 
light and to a variety of moisture conditions. When not being 
sprayed, the average temperature at the surface of the panels is 
about 56° C. The cylinder has room for fifty-eight 7.5 by 15 cm 
(3 by 6 inch) panels of the size used in all of this exposure work. 

The panels used in this work were of black iron of a grade known as 
American Russia Iron and were cleaned very carefully with benzol 
before applying the varnish. No primer was used. The varnish 
was applied directly to the bare metal, two coats in every case, and 
three days were allowed for drying between coats and between the 
application of the last coat and exposure. The backs and edges of 
all panels were given two coats of aluminum paint mixed in the pro- 
portion of 25 g of polished aluminum powder to 100 ml of a long-oil 
water-resisting spar varnish. 

The first experiment was a continuous exposure (24 hours per day) 
to the carbon arc light alone. As was expected, with no water present, 
the failure of the varnish coatings was extremely slow, only the very 
poorest varnishes showing any signs of failure after 60 days. At the 
end of this period the water spray was turned on in conjunction with 
the light for 17 hours (overnight). The following morning all, 
except a few of the most durable coatings, were completely covered 
with fine checks. Evidently the light had some destructive effect 
on the coatings during the 60-day period of light alone, and only the 
comparatively short treatment with the light in conjunction with 
water was required to produce the characteristic varnish checks. 

In the second experiment the varnish coatings were exposed to 
light alone for 21 hours, then the light was turned off and the panels 
exposed to the water spray from a revolving lawn sprinkler for three 
hours. This schedule was followed every day for four consecutive 
days of each week; on the three remaining days the schedule was 
interrupted by heating the panels for one-half hour in an oven at 
about 70° C., then refrigerating for one hour at —10° C. This 
cycle caused the coatings to fail much more rapidly than when light 





1P. H. Walker and E. F. Hickson, Accelerated Tests of Organic Protective Coatings, B. 8. Jour. 
Research, 1 (RP1); 1928. 
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alone was used, but much more slowly than they should in an acceler- 
ated cycle. It required 38 to 45 days to bring about failure of the 
average grade of spar varnish. 

The next experiment was a continuous combination of light and 
spray for 24 hours each day. All coatings received the light all of 
the time and each coating was sprayed with water at each revolu- 
tion of the cylinder, which made three revolutions per hour. A 
modification of this cycle was tried, by using refrigeration at — 10° C. 
one hour a day for four days a week, but as far as could be determined 
this refrigeration did not accelerate the failure or change the nature 
of the failure to any extent. As compared with the two previous 
experiments, this continuous combination of light and spray greatly 
accelerated the failure of the varnish coatings, the average grades of 
spar varnish showing initial signs of failure in about 15 days. It was 
thought that possibly the relative order of failure of a given set of 
varnishes might vary if the cycle was changed somewhat, so a varia- 
tion was made by using the light and spray combination continuously 
for 17 hours and then light alone for 7 hours each day. However, 
the relative order of failure of a set of 50 varnishes was just about 
the same for both cycles, but in most cases the continuous 24-hour 
combination of light and spray caused failure sooner than or in the 
same number of days as the other cycle. Table 1 shows in detail a 
comparison of the two cycles as to the number of days to failure for 
each varnish. 


TABLE 1.—Cycle 1 (continuous 24-hour light water) versus cycle 2 (17-hour light water 
+7-hour light alone) 


ACCELERATED EXPOSURE 





| | 
Cycle 1,} Cycle 2, | Cycle 1,| Cycle 2, || Cycle 1, | Cycle 2, 
Varnish No. | days to | days to || Varnish No. | daysto| days to |} Varnish No. | days to | days to 
failure | failure | failure | failure failure | failure 








! 





























1 Bad appearance. 
2 Film showed no characteristic checking and no dulling. 


The continuous cycle of light and water together is the best for 
rapid acceleration of the failure of varnish coatings that we have so 
far found. First signs of failure can be seen in 8 days for the poorer 
grades of spar varnishes and in 18 to 20 days for the best grades of 
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long-oil spar varnishes. There does not seem, however, to be a very 
close relationship between the number of days in which checks first 
appear and the number of days before failure. The first appearance 
of dulling was taken as the end point of failure. This dulling was 
caused by the formation of extremely fine “honeycomb” checking. 
As can be seen from Table 2 the difference in days between the 
appearance of the first checks and initial dulling varies considerably 
among the 50 varnishes; that is, from a minimum of 2 to a maximum 
of 13 days. The end point, as Table 2 shows, varied from 10 days 
for the poorest varnish to from 30 to 32 days for the very best var- 
nishes. The 50 spar varnishes used in this work were all commercial 
brands. The type of failure observed in the accelerated test re- 
sembles very closely the type of failure found on outdoor exposure. 


TABLE 2.—Relation between first checks and failure 
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First cracks. 


2 Bad appearance. ; 
? Film showed no characteristic checking and no dulling. 


Practically 95 per cent of all the spar varnishes tested in the 
accelerated cycle failed in the same way. The first sign of failure was 
a fine checking and cracking inside of spots, on the varnish film, 
caused by the evaporation of drops of water left after spraying. 
The next step in failure was scattered checking and cracking outside 
of these water spots. The amount of this cracking and checking grew 
from day to day until finally the checks began to run together and 
gave the film a ‘‘honeycombed” appearance. The checks became so 
densely packed in small areas that the panel appeared dull in these 
areas. This initial dulling was easily seen by the naked eye and was 
taken as the end point. These dull areas gradually grew in size until 
finally the entire panel was extremely dull, after which the film began 
to peel. A small lens, magnifying about 2% diameters, was used in 
studying the failure of the coatings from day to day. 
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Three of the 50 varnishes, Nos. 11, 32, and 39, failed differently 
in the accelerated test from the rest of the varnishes. Varnishes Nos. 
32 and 39 proved by roof exposure to be the most durable of the entire 
set, and varnish No. 11 was among the best. in the accelerated test 
these three varnishes all failed by first showing a few scattered cracks 
which shortly after their appearance seemed to open up wider and 
wider each day exposing bare metal underneath. More and more 
cracks appeared each day, and these would open to expose the bare 
metal until finally the entire panel was covered by a large number of 
these cracks all exposing the bare metal and giving the panel a very 
bad appearance. The films, however, never showed the fine checking 
characteristic of most varnish failures and never exhibited any dulling. 
Outdoors, varnish, No. 11 failed in the usual way, and varnishes Nos. 
32 and 39 did not show initial failure after seven and one-half months’ 
exposure. 

Comparisons between the accelerated weathering and roof exposure 
tests will be found in Table 5. 
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2. OUTDOOR WEATHERING TESTS 


The same set of 50 spar varnishes, which were tested in the acceler- 
ated weathering apparatus, and for which data were given in Table 2, 
were placed outdoors on the roof of the Chemistry Building of the 
National Bureau of Standards on January 10, 1929, and a similar set 
on April 1, 1929. The panels for the set exposed on January 10 were 
prepared in the same manner as the panels for the accelerated tests. 
Two coats of each varnish were brushed on duplicate panels allowing 
three days’ drying between coats and three days’ drying after the 
final coating before exposure. The panels were exposed in suitable 
racks at an angle of 45° facing south and examined with the lens 
once a week for signs of failure. 

The second set of the same varnishes, exposed outdoors on April 1, 
1929, was on panels which had been sand blasted before applying the 
varnish. The sand blasting was done at about 25 pounds pressure, 
using a 30 to 40 mesh sand. After sanding, the panels were handled 
with rubber gloves to prevent any grease or perspiration from the 
hands from coming in contact with the panel. It was not necessary 
to wash these panels with benzol. The backs and edges of the panels 
were coated with two coats of aluminum paint. The varnishes were 
applied to the panel by the whirling method.? In this method the 
varnish is poured on the center of the panel, which is whirled for at 
least two minutes at 300 r. p.m. At the end of the 2-minute period 
practically all the excess varnish has been forced off the panel. The 
advantages of the whirling method over the brushing method for 
preparing varnish films for exposure work are that it tends to give a 
cleaner, smoother film and eliminates entirely any personal factor 
which might enter into the operation. Brushes collect dirt very 
easily, and this dirt, of course, is transmitted to the varnish coating. 
Two coats of varnish were applied to the panels by this method, allow- 
ing three days for drying lated coats and three days after the 
last coat, before exposure. 





ox’ H. Walker and J. G. Thompson, Physical Properties of Paints, Proc. Am. Soc. Test. Materials, 
$ 1922, 
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One of the most significant results of the exposure tests on these 
two sets of the same varnishes exposed outdoors approximately 
three months apart is the very good agreement in their relative 
order of failure. This close agreement is shown graphically in 
Figure 1. The number of days before failure of each varnish is 


shown in Table 3. 


TABLE 3.—Ouldoor exposure 


[Relation between two sets of varnishes exposed Jan. 10, and Apr. 1, respectively] 
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ie 177 124 53 18 10 7 
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5_- 170 117 53 18 9 7 
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oo See 55 33 22 12 5 3 
ae 205 145 60 28 7 5 
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a ee ee 170 117 53 17 10 7 
. Sie ase 17 117 53 17 10 7 
Ree ee Se et eee 114 61 53 16 7 4 
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Figure 1. 
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From these results it is apparent that as far as the relative order 
of failure is concerned it makes no difference whether the varnish 
is applied by brushing or whirling or whether or not the surface is 
sand blasted. However, we are strongly in favor of the panel which 
has not been sand blasted, mainly because of the great difficulty 
in seeing checks and cracks on the sand-blasted panel, especially 
with the unaided eye. This difficulty in seeing the checks and 
cracks is caused by the multiple reflection from the innumerable 
small pits caused by the sand blasting. This would not apply to 
pigmented coatings. 

As was found to be true in the results of the accelerated test, there 
is no very close relation between first appearance of checks on out- 
door exposure and complete failure. This is shown graphically in 
Table 4 which shows the number of days which elapsed for each 
varnish between the appearance of first checks and date of failure. 
This difference varies from a minimum of 19 days to a maximum of 
100 days. 

In the outside-exposure tests the samples were considered to have 
failed when the panels were completely covered with checks and had 
the resulting “honeycomb” appearance. This point was quite 
sharp and could be easily seen with the aid of the small lens. After 
the appearance of five or six small checks or cracks, the number on 
each panel was counted each week until there were about 100; then 
the number in a given area was counted until the total for the panel 
reached 600 to 800. After this a close watch was kept until the 
panel was completely covered with checks, and had the “‘honey- 
combed” appearance all over. This was regarded as the end point. 
This, it should be noted is not the same as the end point in the 
accelerated weathering test. 


TaBLE 4.—Outdoor exposure 


[Relation between first checks and failure] 
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TaBLeE 5.—Outdoor versus accelerated weathering versus kauri versus Federal speci- 
fication No. 18b 














| Days to F 
| Days to failure in Kauri When tested accordin 
r | - : g to Federal 
Varnish No. Pra nod accelerated — “2 specification fails on— 
| weathering 
ee [see 55 12 —20 | Hot and cold water and kauri 
45_ nar 107 17 —10 | Kauri. 
18_. 114 16 20 | Hot and cold water and kauri. 
31.- : 114 18 20 Do. 
43_- : aaa ; 114 16 10 Do. 
EMS Sent es, eR 121 15 10 | Kauri and nonvolatile. 
Ss. edeecd aed 170 18 30 | Kauri. 
cn . ap Se ene 170 18 25 0. 
16__ Caer Be ES 170 17 20 | Hot and cold water and kauri. 
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_ bk Sia actin 170 19 30 | Kauri. 
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Se 177 18 30 | Hot and cold water and kauri. 
2 177 18 30 Do. 
3 177 18 30 Do. 
12 177 20 50 | O. K. 
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26 177 32 65 | O. K. 
34 177 24 35 | Hot and cold water and kauri. 
6 184 26 55 | O. K. 
ey eee eee Te 184 24 55 Do. 
= 184 19 50 Do. 
36... 184 20 50 Do. 
¢ es 184 22 50 Do. 
a 191 26 60 | Hot and cold water and draft 
Rh teh oe diacdsk deaascele doi 191 19 50 | O. K. 
30_. 191 20 50 Do. 
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25. 198 21 65 Do. 
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a 198 25 60 Do. 
= 205 28 75 Do. 
29_. 205 26 50 Do. 
35... 205 28 65 Do. 
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EE thinidee 205 32 7 Draft. 
See ‘ 212 27 65 | Draft and viscosity. 
= : ‘ 219 25 80 | Draft. 
) = “ee : 219 110 70 | O. K. 
neti =“ . 219 21 60 Do. 
ae ; R 219 30 105 | Dri ft and viscosity. 
ae 219 28 105 | O. K. 
= 219 30 75 } Hot and cold water and draft. 
32_. Over 226 127 130 | O. K. 
39_- Over 216 119 110 Do. 








! Failed abnormally. 


Table 3 and Figure 1 show the relation between the accelerated 
weathering test and the outdoor exposure test. Figure 1 and Table 
5 also show the relation between the kauri reduction test * and the 
two exposure tests. Table 3 also shows for each varnish the num- 
ber of days on the roof equivalent to one day’s exposure in the accel- 
erated weathering apparatus. For the set of varnishes placed out- 
doors on January 10 the average ratio found is that one day in the 





3 See footnote 4, p. 256. 
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accelerated weathering apparatus is equivalent to approximately 
eight days outdoors, and for the set of varnishes placed outdoors 
April 1 one day of accelerated exposure is equivalent to about five 
and one-half days outdoors. 


3. RELATION BETWEEN KAURI REDUCTION VALUES AND OUTDOOR 
EXPOSURE TESTS 


Table 5 shows best the relation between outdoor exposure and the 
kauri reduction test. In general, there is fairly good agreement. 
For example, of the 26 varnishes found to be the best on exposure, 
only 1, varnish No. 41, had a kauri reduction value of less than 50. 
This varnish also showed the largest discrepancy of any varnish be- 
tween the two outdoor exposure sets as is shown in Table 3; that is, 
a difference of 74 days between end points of the January 10 set 
and the April 1 set. Of the 24 poorer varnishes in the exposure 
test only 4, Nos. 49, 50, 12, and 26, had a kauri reduction value of 
50 or more. This relationship indicates that the 50 per cent kauri 
reduction requirement of Federal specification No. 18b for spar var- 
nish will generally keep out the material of poorer quality. Of the 
poorest 15 caaiien as shown by the outdoor exposure, none passed 
a kauri reduction test of over 40 per cent, and of the 15 best varnishes 
as shown by the outdoor exposure, test all but 2 passed a kauri 
reduction of 60 per cent or better. 


4. RELATION BETWEEN ACCELERATED WEATHERING TEST AND 
OUTDOOR EXPOSURE TESTS 


Table 5 also shows best the relation between outdoor exposure and 
the accelerated weathering. In general, there is fairly good agree- 
ment between the two. For example, of the 26 varnishes found best 
on outdoor exposure, only 2 show failure in the accelerated test in 
less than 20 days, and these 2, varnishes Nos. 19 and 22, lasted 19 
days in the accelerated test before failure. Of the 24 varnishes 
classified as poor on roof exposure only 8 lasted 20 days or more in 
the accelerated test, and of the poorest 13 varnishes of this group 
none lasted 20 days. The kauri reduction value appears to be in 
somewhat better agreement with the outdoor exposure test than 
does the accelerated test. 


5. RELATION BETWEEN OUTDOOR EXPOSURE TESTS AND RESULTS 
OF TESTS FOR CONFORMITY TO FEDERAL SPECIFICATION No. 18b 


Table 5 also shows the relation between outdoor exposure and the 
results of tests for conformity to Federal specification No. 18b for 
spar varnish. Of the 26 varnishes showing up as the best of the 50 
varnishes exposed outdoors 19 passed the specifications in every 
respect and only 1 failed on the kauri reduction test. This was No. 
41, which was mentioned before as the particular varnish showing the 
greatest discrepancy between two outdoor exposure tests. Of the 
remaining 6 of these 26 varnishes, 2 failed to pass the draft test and 
hot and cold water tests, 2 failed to pass the draft test only, and 2 
failed to pass the draft test and viscosity test. 


88500°—30——6 
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Of the 24 varnishes classified as poor on the outdoor exposure test 
only 4 passed the specification in all respects, and of the poorest 15 
none passed.‘ 

In a previous outdoor exposure test of 75 commercial spar varnishes 
completed in the fall of 1928, 30 varnishes of the 56 found to have 
good durability passed the requirements of Federal specification 
No. 18b in every respect, and of the 26 which did not pass only 7 
failed on the kauri reduction test. Of the remaining 19 of the 26 
which failed to pass the specification 3 failed on the cold and hot water 
tests; 1 failed on the draft test and was slightly cloudy; 1 was 
slightly cloudy and had a slightly high viscosity; 2 failed because of 
cloudiness only; 1 failed on the viscosity, nonvolatile, and cold and 
hot water tests; 3 failed on the hot water test only; 1 failed on the 
viscosity and hot water tests; 1 failed on the nonvolatile and cold and 
hot water tests; 2 failed on the viscosity tests only; 1 failed because 
of cloudiness and in the cold and hot water tests; and 3 failed on the 
nonvolatile test only. 

Of the 19 varnishes classified as poor 12 failed to pass the kauri 
reduction test and only 1 passed Federal specification No. 18b in 
all respects, 


III. DURABILITY OF A SERIES OF 30-GALLON ® VARNISHES 
MADE IN THE LABORATORY 


The following 30-gallon varnishes were prepared in the laboratory: 
Rosin and linseed oil, ester gum and linseed oil, kauri gum and linseed 
oil, amberol B.S. 1 and linseed oil, amberol F. 7 and linseed oil, rosin 
and china-wood oil, ester gum and china-wood oil, amberol B. S. 1 
and china-wood oil, amberol F. 7 and china-wood oil. 

Mineral spirits passing Federal specification No. 16 was used as 
the thinner for all the varnishes. Lead acetate and cobalt acetate 
were used as driers. In each varnish the weight of lead in the drier, 
added, was 1.0 per cent and the weight of cobalt 0.05 per cent of the 
weight of oil used. The percentage of nonvolatile matter was 
approximately 50 and the viscosities of all the varnishes were about 
F to G on the Gardner-Holdt scale. Several attempts at heat treating 
several of the varnishes had to be made before the proper viscosity 
was obtained. 

The varnishes were exposed on American Russia iron panels 3 by 6 
inches in size. Two brushed coats were applied. A good grade of 
a commercial spar varnish and a high-grade clear lacquer were also 





4 Brief description of requirements of Federal specification No. 18b. 

1. Appearance, clear and transparent. 

2. Color, not darker than a solution of 3 g of potassium dichromate in 100 cc of pure sulphuric acid, 
specific gravity 1.84. 

3. Nonvolatile matter at 105 to 110° C., not less than 45 per cent by weight. 

4. Set to touch in not more than 5 hours. 

5. Dry hard in not more than 24 hours. 

6. Viscosity, not less than 1.40 nor more than 2.25 poises. 

7. Must have good brushing, flowing, covering, and leveling properties. Dried film shall have the 
characteristic gloss of spar varnish. 

8. Shall pass the draft test; that is, shall show no dulling, crow’s footing, or frosting when allowed to dry 
about 2 feet in front of an electric fan. 

, a film shall withstand cold water for 18 hours and boiling water for 15 minutes without whitening 
or dulling. 

10. Shall pass a 50 per cent kauri reduction test. Briefly, this test is carried out by adding to the varnish 
an amount of kauri solution (a 33g per cent solution of ‘‘run kauri’”’ gum in turpentine) equivalent to 50 
per cent by weight of the nonvolatile matter in the varnish, flowing a film of this mixture on metal, baking 
in an oven for 5 hours at 95 to 100° C., cooling and bending overa3mm (inch) rod. The film must show 
no cracks on bending. 

5 The expression ‘*30-gallon”’ refers to the proportions of oil and resin in the varnish; that is, 30 gallons of 
oil per 100 pounds on resin. 
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exposed at the same time. The results of the accelerated weathering 
tests and outdoor exposures are to be found in Table 6. The kauri 
reduction values are also shown in this table. The amberol-linseed 
oil varnishes appear to be much more durable on outdoor exposure 
than the varnishes made from linseed oil, using either rosin or kauri, 
and varnish containing linseed oil and the amberol F. 7 is somewhat 
more durable than those with either the ester gum or amberol B. S. 1. 
The china-wood oil varnishes, as was expected, showed greater 
durability than the linseed-oil varnishes, except that the one con- 
taining ester gum and linseed oil had a slightly longer life than that 
made from rosin and china-wood oil. With both linseed and china- 
wood oils the amberol F. 7 varnishes apparently were somewhat more 
durable than the varnishes made from any of the other resins. The 
varnish made from china-wood oil and amberol B. S. 1, however, 
seems to have no more durability than the varnish made from ester 
gum and china-wood oil. The commercial brand of varnish which 
was exposed with these varnishes is believed to be approximately a 
30-gallon varnish. It is very interesting to note the extreme dura- 
bility in both the accelerated weathering cycle and the outdoor 
exposure of the clear lacquer coating. This lacquer is a commercial 
product. The vinyl coatings were two brushed coats of vinyl resins 
dissolved in toluol. 


TABLE 6.—Exposure of series of 30-gallon varnishes, a commercial clear lacquer, 
and some vinyl resin coatings 





























Accelerated Outdoors 
; Kauri 
Type of material a Days to Days to Days to Days to 
first end-point first end-point 
checks of failure checks of failure 
ES wer 80 6 11 23 119 
Peeee Ws SEO... edad en ccc 85 6 11 76 178 
eo a ee 1 OSaee 60 6 7 34 119 
Amberol B. 8. 1, linseed ___- Lak i 7 6 12 76 184 
Amberol F. 7, linseed.._............--.----] 80 11 12 106 212 
Commercial spar varnish er ~ts 70 14 17 90 205 
a, 3 Sree 10 10 12 41 168 
eter gua, Oy W. O.....2....... bias 65 14 15 97 212 
Air ae es by - WO. fos a ee 65 14 15 106 212 
pe ee) a ee 80 14 20 119 240 
Commercial clear lacquer- --- - - See ee eee _...| O. K. after 106 days. . K. after 331 days. 
Vinyl resin (A) (low viscosity) --...._...-- at _| O. K. after 111 days. O. K. after 111 days. 
Vinyl resin (B) (high viscosity)-_-._____- O. K. after 111 days. O. K. after 111 days. 
Vinyl acetate (A) (high viscosity) --._.-- - .| O. K. after 111 days. O. K. after 111 days. 
Bee eo i aS ee eae .....-.--.-| O. K. after 300 days. O. K. after 387 days. 
| | 








In Table 6 it is also very interesting to observe how low the kauri 
reduction value is for the rosin and china-wood oil varnish as compared 
with the other varnishes, particularly the ester gum and china-wood 
oil varnish. The two varnishes both contain the same percentage 
of oil and yet the kauri reduction values differ by 55 per cent. 


IV. CONCLUSION 


1. A continuous, 24-hour per day cycle, in which 50 commercial 
spar varnishes received light from the carbon arc all of the time and a 
spray of water for approximately 40 seconds every 20 minutes, was 
found to cause the most rapid failure of varnish coatings. The nature 
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of the breakdown of the varnish coating is similar to the breakdown 
on outdoor weathering. The agreement is fairly good between the 
relative order of failure in the accelerated weathering test and outdoor 
exposure. 

2. The relative order of failure is almost identical for a given set 
of varnishes exposed outdoors at two different seasons of the year. 

3. Kauri reduction values are a somewhat better indicator than the 
accelerated weathering test of the durability of spar varnishes when 
a outdoors. 

. There is no apparent difference in the relative order of failure 
of. a given set of varnishes, whether the coatings are applied by 
brushing or by whirling, or whether the panels are sand blasted or not 
sand blasted before application of the varnish. 

5. Results of exposure tests show that the commercial spar var- 
nishes which pass the requirements of Federal specification No. 18b 
as — the average in quality. 

. The varnishes made from the F. 7 amberol resin were somewhat 
more durable than varnishes made from rosin, ester-gum kauri, or 
B. S. 1 amberol. Varnishes made from B. 8S. 1 amberol had about 
the same durability as ester-gum varnishes, and were considerably 
more durable than the rosin or kauri varnishes. The commercial 
clear lacquer and the clear vinyl] resin coatings were far more durable 
than any of the experimental varnishes, in both the accelerated 
weathering and outdoor exposure tests. 
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A NEW DEAD-WEIGHT TESTING MACHINE OF 100,000 
POUNDS CAPACITY 


By L. B. Tuckerman, Herbert L. Whittemore, and Serge N. Petrenko 


ABSTRACT 


The functions of the Bureau of Standards are outlined, and the importance 
of calibrating testing machines is emphasized. 

The different methods of calibrating testing machines (A.8. T. M. specifica- 
tions) are given, and the limitations of each are discussed. 

The development of the proving ring is mentioned, and the need for apparatus 
for applying, preferably by dead weights, forces which are known accurately 
is brought out. 

The dead-weight machine, capacity 100,000 pounds, which has been installed 
at the bureau is described and illustrated. Particular attention is given to 
the accuracy of the forces which can be applied by this machine and the 
precautions for maintaining the accuracy. 


CONTENT 


. Introduction 
. Discussion of different methods of calibration 
. The 100,000-pound dead-weight machine 
. Accuracy of the machine 
. Use of the machine 
‘I. Methods of calibration above 100,000 pounds- ---- 


I. INTRODUCTION 


The calibration of testing machines, for applying forces to speci- 
mens of engineering materials, is recognized as being an important 
function of the bureau and has received considerable attention as 
larger testing machines have been added to the equipment of the 
bureau. The use of dead weights for the calibration of testing 
machines involves serious disadvantages and is practically out of 
the question for horizontal testing machines. Accordingly, experi- 
ments were undertaken with apparatus which could be calibrated 
under accurately known forces and then used to measure the forces 
applied by testing machines. The requirements (1) that this cali- 
brating apparatus should be portable, allowing it to be transported 
to the testing machine, and (2) that it should be accurate, made the 
development difficult and slow. A solution was finally found in 
the Whittemore-Petrenko proving ring. 

Briefly, this instrument is a ring of heat-treated alloy steel to 
which forces may be applied along a diameter. The change in the 
diameter caused by the force is measured by a screw micrometer. 
A comparison of this device with other calibrating devices seems to 
show that the readings, on the average, are more accurate. It is 
also sufficiently rugged in construction to withstand field service. 
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II. DISCUSSION OF DIFFERENT METHODS OF 
CALIBRATION 


A procedure for calibrating testing machines is given in A. S. T. 
M. Standards, 1927, Part I, Metals, page 793, Standard Methods of 
Verification of Testing Machines, Serial Designation E 4-27. 

It should be noted that— : 

“(A) Method of Verification by Standard Weights ” is practicable 
only for testing machines of very small capacity; for example, 1,000 
younds. 

“(B) Method of Verification by Standardized Proving Levers” is 
seldom used for forces above 10,000 pounds. At present this method 
is used only on vertical testing machines. 

“(C) Method of Verification by Means of an Elastic Calibration 
Device” covers proving rings and similar devices, Elastic devices 
can be used for either horizontal or vertical machines. They have 
been used for forces up to 1,000,000 pounds and appear to be the 
most practicable devices for calibrating large testing machines up 
to their capacity. The hydraulic support used by A. H. Emery in 
his precision-testing machines is the only other portable device 
which appears to be suitable for this purpose. There are a number 
of testing machines in this country having a capacity of 1,000,000 
pounds or more and one at the Bureau of Standards having a 
capacity (in compression) of 10,000,000 pounds. 

“(D) Verification by Comparison Method,” which consists in test- 
ing duplicate tensile specimens, some in the machine to be calibrated 
and some in a machine the errors in the load readings of which are 
known, is not sufficiently accurate to be satisfactory, especially, if 
the tolerances given in these A. S. T. M. standard methods are not to 
be exceeded. 


III. THE 100,000-POUND DEAD-WEIGHT MACHINE 


After the development of the proving ring, suitable for calibrating 
testing machines, it became necessary for the bureau to provide means 
for applying accurately known forces to these rings in order to de- 
termine their calibration constants. A dead-weight machine was, 
therefore, designed in cooperation with A. H. Emery, of Stamford, 
Conn., and built by Mr. Emery. 

This machine was installed in November, 1927, and can be used 
to apply either tensile or compressive forces to elastic or other port- 
able calibrating devices, by increments of 10,000 pounds, after an 
initial load of 2,000 pounds has been applied. ‘The maximum force 
(or load) is 102,000 pounds. 

This dead-weight machine is about 30 feet high and about 12 feet 
wide. The weights are on the first floor of the middle wing of the 
Industrial Building, the forces are applied to the calibrating device 
on the second floor, and a jack for lifting the weights is on the third 
floor. The machine is shown in Figures 1, 2,3, and 4. The frame 
of the machine consists of two reinforced-concrete columns A-—A 
(figs. 1 and 2), extending from the concrete foundation at the base 
to the third floor where two steel I-beams B-B (fig. 3), are placed 
across the tops of the columns. On these steel beams rests the hy- 
draulic jack C (fig. 3), which is operated by an electrically driven 
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Figure 1.—Weights, 10,000 pounds each 





As the loading bar, J, is raised about three-fourths of an inch, a head on the lower end of the bar 
engages a bevel seat in the axis of the top weight, A-/, On raising it farther, the other weights 
are raised in succession. 
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Figure 2.—Frames for loading the device to be calibrated 


Upper frame, E-F and F-F, is raised by the hydraulic jack on the floor 
above. The lower frame, L-L and G-G, is connected to the weights 
on the floor below. A proving ring is shown between the upper and 
the lower frame, under a tensile force. 
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Figure 3.—The hydraulic jack for lifting the weights by 


means of the frames and the device to be calibrated 


The yoke F rests on a steel ball in the axis of the piston of the jack. 
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FiGuRE 4.—Frames for loading the device to be calibrated. 
(See fig. 2) 


\ proving ring is shown under a compressive force. 
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pump not shown. The control valves are in the case D (fig. 2), on 
the second floor. 

The apparatus for applying forces to the device to be calibrated 
consists of two frames. The upper frame (figs. 2, 3, 4) consists 
of three yokes F connected by four rods Z. The lower ends H-H of 
two of these rods move in guides in the second floor. The top yoke / 
(fig. 3) rests on a steel ball on the ram of the jack to insure axial 
loading. The lower frame (figs. 2 and 4) consists of two yokes @ 
connected by two rods Z. These rods move vertically in guides 
J-I (fig. 2), in the middle yoke of the upper frame. The upper 
yoke of the lower frame may be adjusted vertically on the threaded 
rods Z by rotating the nuts in the yoke by means of the electric 
motor and gearing shown in Figures 2 and 4. This adjustment 
makes it possible to load proving rings or other calibrating devices 
in either tension or compression. The maximum distance between 
the loading yokes is about 6 feet 6 inches. To the lower yoke of the 
frame is suspended the loading bar J (fig. 1) for lifting the weights 
K-1, K-2, ete. (fig. 1). 

To apply forces to the calibrating device, the ram of the jack is 
raised, carrying the upper frame with it. The motion of the jack is 
transmitted to the lower frame through the proving ring or other 
calibrating device in the machine. 

When the loading bar is raised about three-fourths of an inch a 
head on the lower end of this bar engages a bevel seat in the axis of 
the top weight A-/. On raising it further, a head on the top 
weight similar to the one on the loading bar engages the seat in the 
next weight A-—2. On continuing to raise the loading bar, the other 
weights are suspended from it in succession until, when it is raised 
about 10 inches, all of the weights are suspended. 

The weights are removed by lowering the jack. This action allows 
the bottom weight to come to rest on a bevel seat built into the foun- 
dation and each of the other weights in succession to rest on a similar 
seat on the weight below. 

In Figure 2, a proving ring having a capacity of 100,000 pounds 
ig shown in the dead-weight machine ready for the application of 
tensile forces. In Figure 4 the same ring is shown ready for the 
application of compressive forces. 

The deformation of the proving ring, under the desired load, is 
measured by reading the micrometer. 


IV. ACCURACY OF THE MACHINE 


Sleeves are provided in the guides 7 for the lower frame. These 
sleeves can be rotated by hand to eliminate frictional forces on the 
rods L. 

The weights are of cast iron and have a diameter of about 84 inches 
and a thickness of about 7.5 inches. Each one was carefully balanced. 
The center of gravity was in no case more than 0.018 inch from the 
geometrical center, the average being about 0.008 inch, and the 
weight was adjusted to 10,000 pounds by the division of weights 
and measures at the bureau before the ntachine was assembled. The 
maximum error in the weight of the lower frame (2,000 pounds) or 
of the cast-iron weights (10,000 pounds) was about 0.1 pound. 
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Large cast-iron weights have been used in the railway test cars of 
the Bureau of Standards for calibrating track scales. These weights 
are transferred by a crane from the car to the scale and then reloaded 
into the car after the calibration. In service they are exposed to the 
weather. 

Verification of these weights after they had been used for two 
years showed differences from the original weight, about 100,000 
pounds, of as much as 5 pounds, which was sometimes a loss and some- 
times a gain. 

It is believed that no greater change in the weights for the dead- 
weight machine is to be expected. 

Great care was taken in assembling the machine to secure axial 
alignment of all the parts. After all the weights were placed in 
position on the bevel seat on the foundation, measurements showed 
that the center of the top weight was only about 0.06 inch from the 
vertical line of the machine and that its upper surface made an 
angle of about 28 minutes of arc with the horizontal. 

Measurements on each weight after it was placed in position 
showed that its axis was nearer the center line and its upper surface 
more nearly horizontal than in the case of the top weight. 

After the machine was assembled the jack which had been placed 
vertically above the center of the top weight was moved one-half 
the horizontal distance between the center of the bottom weight and 
the center of the top weight, or 0.03 inch, so that the maximum dis- 
tance between the axis of any weight and the axis of the machine is 
now 0.03 inch. 

To establish and maintain the vertical alignment of the machine 
a “reference plate” was built into the floor just below the jack. 
From a carefully located “center” in this plate a plumb line was 
suspended to fix the axis of the machine. This line can be replaced 
at any time to check the alignment of the machine, and adjustments, 
if necessary, can then be made. 


V..USE OF THE MACHINE 


The dead-weight machine is used not only for determining the 
calibration constants of proving rings and other devices for the 
bureau, but it is used also to calibrate similar devices for the public 
for which a nominal fee is charged. 


VI. METHODS OF CALIBRATION ABOVE 100,000 POUNDS 


The problem of calibrating proving rings having capacities above 
100,000 pounds has been given serious consideration. It does not 
appear practicable to build larger dead-weight machines; there- 
fore, other methods will be studied in an endeavor to obtain satis- 
factory calibrations of proving rings which can be used for forces 
of 1,000,000 pounds or more. This work is expensive and must 
necessarily await the provision of funds and personnel. 

The bureau has in the past received many requests for calibrating 
testing machines in different parts of the country, but this cali- 
bration can not be undertaken without adequate provision for the 
apparatus, trained personnel, and traveling expenses. 


WasuineTon, May 13, 1929. 
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APPLYING THE VISUAL DOUBLE-MODULATION TYPE 
RADIO RANGE TO THE AIRWAYS 


By H. Diamond 


ABSTRACT 


This paper deals with methods for aligning the courses of the visual radio range 
with the fixed airways. It has previously been shown that the courses of the 
aural radio range may be shifted by the use of a vertical wire antenna in con- 
junction with the transmitting loop antennas or by varying the relative power 
in the twoantennas. ‘These methods are, in part, applicable to the visual system. 
In the aural system the goniometer primaries are excited alternately. This per- 
mits independent consideration of the field patterns due to the primaries. In the 
visual system this is not the case, as both goniometer primaries are excited all the 
time. Two cases present themselves, the condition when the currents in the 
primaries are in time phase and the condition when they are in quadrature time 
phase. The former condition results in two beacon courses which are 180° 
apart and can not be shifted from this relationship. The latter condition yields 
four beacon courses. A mathematical analysis is made of this case, and the 
amounts of angular variation possible using several methods of attack are tabu- 
lated. 

A method of obtaining small amounts of shift by an adjustment of the receiv- 
ing equipment aboard the airplanes is also described; one of the reeds is shunted 
by a suitable resistance in order that the reeds will vibrate equally when on one 
side of the equisignal zone. This method permits of great flexibility in securing a 
desired course and is suitable only for employment with the visual system. Sample 
calculations are made for actual airway routes to demonstrate the several methods 
of attack. 


CONTENTS 


. Introduction 
. Method A, shifting courses by amplitude reduction 
. Method B, use of auxiliary vertical antenna for shifting courses_ __- 
’, Method C, combination of methods A and B 
. Method D, extension of method B 
Method E, combination of methods D and A 
Method F, shifting the courses by changes at the receiving station __ 


I. INTRODUCTION 


Methods for aligning the courses of the aural type radio range— 
that is, directive radiobeacon—with the fixed airways are described 
in a paper by Kear and Jackson.’ Extensions of these methods may 
be used to make the visual double-modulation type radio range 
equally flexible. This paper describes a number of circuit arrange- 
ments, the application of which makes possible the use of a single 
visual type radio range for serving two, three, or four courses radiat- 
ing from a given airport at arbitrary angles with each other. 

The procedure of aligning the courses of the visual type radio 
range with the fixed airwaysis necessarily somewhat different from that 
followed in the aural type, owing to the essential difference between 
the signals used for marking out the beacon courses in the two sys- 





1 Applying the Radio Range to the Airways, by Kear and Jackson, B, 8, Jour. Research. 
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tems. With the aural system, a pilot’s position on either side of the 
course is indicated by the relative strength of two Morse characters. 
When on the course these characters blend into one long dash of con- 
stant signal strength. In order to obtain proper interlocking no por- 
tions of the two characters used can be transmitted simultaneously. 
With the visual system, a course is indicated by the equality of vibra- 
tion amplitude of two reeds mechanically tuned to the two modula- 
tion frequencies used at the beacon. For maximum reed amplitude, 
it is desirable to provide continuous modulation at both modulation 
frequencies. The two distinguishing signals of the beacon are, there- 
fore, always sent out simultaneously, resulting, under normal con- 
ditions, in a space pattern quite different from that obtained from an 
aural radio range. This was shown by Pratt in Figure 2, page 875, 
Proceedings of the Institute of Radio Engineers, May, 1929. Two, 
rather than four, beacon courses are obtained. To produce four 
beacon courses it is necessary to advance the time phase of one of the 
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FiaureE 1.—Space pattern radiated by double-modulation 
type radio range when antenna currents are 90° out of 


phase 


carrier frequencies of the system 90° beyond that of the other. 
The space pattern is then as indicated in Figure 4, page 877, of 
Pratt’s paper, the four beacon courses being displaced by 90° from 
each other. For convenience in reference, this figure is reproduced 
here as Figure 1. The received polar pattern is shown in Figure 2. 
The trigonometric expression for the beacon space pattern is given in 
equation (1). This is equivalent to equation (5), page 876, of Pratt’s 
paper. The corresponding expression for the polar pattern as received 
on the reeds is given in equation (2), which assumes square law 
detection. 
{ Ey [cos wt sin + sin wt cos 6] 

-3 [sin (w— w,) #—sin (w+) t] sin @ 


e,=K: 








+ 2 [cos (w— we) f— cos (w+ w) t] cos 0 
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where é, is the field intensity at any point P in space as a polar function 
of the angle @, and, as is apparent, consists of a carrier and two sets of 
side bands; E.* 100 is the percentage modulation in amplifier branch 


7 


E, , tee ie 
1 due to w,; 3 X 100 is the percentage modulation in amplifier branch 


Ky 
2 due to w,. In this and all the following equations we will assume 
i, = F,= E, unless otherwise stated. 


é-=K K’ E,{& sin wt sin? 0+ FE, sin wet cos® 6} (2) 


where e, is the received signal strength at any point P as a polar func- 
tion of the angle @. A course occurs whenever the two terms to the 
right of the equality sign of equation (2) are equal. 
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FiaurEe 2.—Received polar pattern corresponding to the 
7 pater I g 
space patiern of Figure 1 


From a study of equations (1) and (2), it is interesting to note that 
the useful signal due to w, is the result of the beating of the carrier of 
branch 1 (not the resultant carrier) with the side bands transmitted 
by branch 1. Similarly, the useful signal due to a is the result of the 
beating of the carrier and side bands transmitted by branch 2. These 
relationships are true, however, only in the special case when the time 
phase between the two carriers of the system is equal to 90°. 

A schematic diagram of the circuit arrangement used for obtaining 
four beacon courses at 90° with each other is shown in Figure 3. 
The means for producing a 90° time-phase displacement between the 
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two carrier-frequency currents of the system consists simply of 
inserting a suitable capacitive reactance in the supply lead from the 
master oscillator to one amplifier branch and a suitable inductive 
reactance in the supply lead to the other amplifier branch. For 
convenience in phase adjustment the condenser is made variable, and 
a variable resistor is connected in series with each reactance. 
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Fiaure 3.—Schematic diagram of double-modulation radio range, four-course 
type 


II. METHOD A, SHIFTING COURSES BY AMPLITUDE 
REDUCTION 


One method of shifting the four beacon courses from their 90° 
space relationship is to reduce the percentage modulation of one 
amplifier branch, keeping the magnitude of the carrier unchanged. 
The space pattern radiated by the beacon is then as shown in Figure 4, 
and the received polar diagram as shown in Figure 5. A 30 per cent 
reduction in the percentage modulation of one amplifier branch is 
assumed. The trigonometric equations for the radiated space pattern 
and received polar pattern are then, respectively: 


ey= K| B,{eos wt sin 0+sin wt cos 6} 


0.75, y : 
re {[sin (w— w,) t—sin (w+ w)t] sin 6} 


7 


+5 {[cos (w— w)t — cos (w+ w,)t] cos a} | 


é;= K K’ E, [0.7 E, sin ot sin? 6+ EF, sin wot cos? 6] (4) 


A course occurs whenever the two terms to the right of the equality 
sign of equation (4) are equal. It will be observed from Figure 5 
that the two sets of 180° courses (A, B) and (C, D) arenow displaced 
by a, = 80° and a, = 100° as compared with a; = a,= 90° when the degree 
of modulation in the two amplifier branches is the same. 
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Figure 4.—S pace patiern when percentage modulation in 
one amplifier branch is reduced 
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Figure 5.—Received polar pattern corresponding to 
Figure 4 
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The method of modulation adopted in the visual radio-range 
transmitter, consisting of plate excitation of the intermediate mek 
fiers from sources of a.c. supply of suitable frequencies, does not per- 
mit an easy adjustment of the percentage modulation. It is more 
convenient to reduce the magnitude of both carrier and side bands of 
one amplifier branch. This is accomplished by increasing the value of 
the resistor R, of the radio-frequency control (fig. 3) and readjusting 
C to keep the phase of the voltage applied to the grid of the inter- 
mediate amplifier tube unchanged. Assuming a 30 per cent reduction 
in the amplitude of carrier and side bands of one amplifier branch, the 
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Ficure 6.—Space pattern when magnitude of the carrier 
and side bands transmitted by one amplifier branch is 
reduced 


radiated space pattern becomes that of Figure 6 while the polar 
diagram as received on the reeds is shown in Figure 7. The trigono- 
metric expression for the space pattern is given in equation (5). 


€y= K| #4(0.7 cos wt sin 6+sin wt cos 6} 


~0.7 {fein (o—c,) t—sin (w+) f] sin 6} (5) 


+ E, { [cos (w—w,)f— cos (w+ a) t] cos 0 | 
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The corresponding expression for the received signal becemes 
er>= K K’ E, [0.49E, sin at sin? 6+ E, sin wet cos? 6] (6) 


A course will occur whenever the two reed deflections are of equal 
magnitude; that is, when 


|0.7 sin 6| = | cos @| (7) 


Equation (7) follows from the facts that the observed reed deflec- 
tions are determined by the maximum instantaneous values of F, 
sin wf and EF, sin wt and that the reeds are adjusted for equal 
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Figure 7.—Received polar patiern corresponding to 
igure 6 


sensitivity. Note that the courses have been shifted in greater 
amount than in Figure 5. The values for the angles a and a, are 
now 70° and 110,° respectively. The relative reduction in strength 
of signal received when on course is, however, also greater. 
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Two factors determine the minimum value for a, (or the maximum 
value for a2) that can be obtained: (a) The signal strength received 
when on any given course should not be reduced below 50 per cent of 
that received when the four courses are displaced by 90°, (6) a devia- 
tion of at least 20° on either side of the course should be possible 
without losing indications as to the direction back to the course. 
Keeping in mind these requirements, both methods described above 
yield as tolerable limits (a,;=60° a,=120°). Using these methods 
then it becomes possible to fit two of the beacon courses to any two 
airways separated by an angle in the range 60° to 120°. 
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Figure 8.—Space pattern for same conditions as in 
Figure 6 except that antenna currents are 45° out of 
time phase instead of 90° 


Before passing on to further methods for making the other two 
beacon courses useful, it is of interest to study the effect of changing 
the time-phase displacement between the two modulated waves of 
the transmitting system. As noted above, the difference in time 
phase is normally adjusted to 90°. Suppose that the time-phase 
difference is made 45° (by adjusting Z and C, fig. 3). For the con- 
dition that the magnitude of carrier and side bands transmitted by 
one amplifier branch is reduced to 70 per cent that of the other 
amplifier branch, the beacon space pattern becomes that shown in 
Figure 8 and the received polar pattern as shown in Figure 9, The 
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expression for the radiated space pattern under these conditions is 
given in equation (8) and for the received polar pattern in equation (9). 


; 
nf 0.7 sin («t-4) sin 0+sin wt cos a] 
E, ? T T . @ 

+0.7 “5 | C08 wt —4— art —cos wt — 7+ wit sin 0} 


+ FaIcos (w— w.) t— cos (w+ we) t] cos @ 
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Figure 9.—Received polar pattern corresponding to 
Figure 8 


Note that since the two carrier frequency currents of the system are 
no longer displaced in time phase by 90°, the relationship observed 
in connection with equations (1) and (2) no longer holds. 
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If the time phase displacement is made 135°, the resultant space 
pattern is as B eaena in Figure 10 and the received polar pattern as 
shown in Figure 11. The trigonometric equations corresponding to 
these patterns are similar to equations (8) and (9) and will not be 
given here. Note that a change in the time phase displacement does 
not result in a shifting of the beacon courses. An exact adjustment 
of time-phase displacement to 90° is therefore not necessary. By 
varying this displacement, however, it is possible to control at will 
the relative signal strength on the two sets of 180° courses. In this 


RESULTANT CARRIER, 





Fiaure 10.—Space pattern for same conditions as in 
Figure 6 except that antenna currents are 185° out 
of time phase instead of 90° 


way, if the two airways to be served by a given radio range differ 
in length, a stronger course signal may be directed along the longer 
airway. 


Ill. METHOD B, USE OF AUXILIARY VERTICAL ANTENNA 
FOR SHIFTING COURSES 


A further method for shifting the courses from their 90° space 
relationship consists of supplying a circular radiation of the carrier 
and side bands transmitted by one amplifier branch, in addition to 
the figure-of-eight radiation due to the loop antenna fed by that 
amplifier branch. A vertical antenna, running the length of the 
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beacon tower and inductively coupled to the output circuit of one 
of the two amplifying branches of the transmitting system, is em- 
ployed for obtaining this additional radiation. Assuming a ratio 
of amplitude of circular radiation to maximum amplitude of figure-of- 
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FicurE 11.—Received polar pattern corresponding to 


Figure 10 


eight radiation equal to 0.28, the radiated space pattern becomes as 
shown in Figure 12, and the received polar diagram as shown in 
Figure 13. The expression for the radiated space pattern is given 
in equation (10) and for the received pattern in equation (11). 


Ey [cos wt sin 6+sin wt (0.28+ cos 6)] 


— = * [sin (w—w,)t—sin (w+) t] sin 6 








+ fs, [cos (w— we) t— cos (w+ we) t] [0.28 + cos 6] 


e-= KK’E,{ E, sin wt sin? 6+ EF sin wt [0.28+ cos 6]*} (11) 
A beacon course will occur when equation (12) is satisfied. 


| sin | =| (028+ cos 6) | (12) 
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In equation (10) the current in the vertical antenna is taken as in 
time phase with the current in loop antenna (2). This is the condition 
of maximum course shift for a given vertical antenna current. If 
these two currents were in time quadrature, no course shift would 
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CARRIER 


Ficure 12.—Space pattern when circular 
radiation of the modulated wave transmit- 
ted by one amplifier branch is added to the 
normal figure-of-eight radiation due to that 
branch 
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Figure 13.—Received polar pattern corresponding to 
Figure 12 


occur. It is, therefore, important to insure that these currents are 
in phase; (a) by wore. the vertical antenna and loop antenna (2) 
accurately in tune, and (6) by connecting the primary of the coupling 


transformer to the vertical antenna in the output circuit of the same 
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amplifier stage in which the primary winding of the coupling arrange- 
ment to loop antenna (2) is connected (that 1s, at point B, fig. 3). 

Comparing the received polar diagram of Figure 13 with that 
for the beacon normally adjusted (see fig. 2), it will be observed that 
the addition of a circular component to the normal radiation charac- 
teristic of the modulated wave due to w, results in decreasing the 
angle 8, between courses B and C and increasing the angle 6, between 
courses D and A. The angles a, between courses A and B and a, 
between courses C and D remain equal to 90°. Applying the same 
criterions as were used in the method of course-shifting by amplitude 
reduction (namely, that the signal strength on course should not be 
reduced below 50 per cent of normal, and that a deviation of 20° on 
either side of a course be possible), the minimum tolerable value for 
8, is 60° and the maximum value for B; is 120°. 

A comparison of methods A and B for varying the angle between 
two beacon courses is of interest. Using method A, two airways 
separated by any angle in the range 60° to 120° may be served. This 
is also true using method B. In method A, however, each of the two 
remaining beacon courses is displaced by 180° from one of the two 
courses used, while in method B each of the two remaining courses 
is displaced by 90° from one of the two courses employed. 


IV. METHOD C, COMBINATION OF METHODS A AND B 


Methods A and B may be combined, yielding an arrangement for 
serving three airways simultaneously, Bere the angles between 
these airways are within the limits tabulated below. For conveni- 
ence in tabulation, the three airways are called A, B, and C’, respec- 
tively. Any two of these (say A and B) may be from 60° to 90° 
apart. The third airway (C’) may then be disposed from either A 
or B by any angle within the range given in the table. The two 
criterions noted above under methods A and B are fulfilled in this 
table. As shown, the practicable range of angles between C’ and 
either A or B depends upon the angle between A and B. A greater 
variation can, of course, be obtained if it is permissible to reduce 
the signal strength received when on course. The third column of 
Table 1 shows the possible range if the minimum permissible signal 
strength when on any given course is taken as 33 per cent of normal. 


TABLE 1 


Range of permissible angles 
between C” and either A 


| Range of permissible angles between C’ and 


Anglo between A and B : ig Fer’ oe 
either A or Bif-=0.5 or Bit 4 =0.33 





120°, 180° 90°-210°. 

EL oa ec -_.| 80°-215°. 

MSO 
-| 82,5°-127.5°, 157.5°-202 

fee SoM TC on ; 

-| 67.5°-122.5°, 152.5°-207.5°___- | 55°-135°, 140°-220°. 

60°-120°, 150°-210° 50°-130°, 140°-220°. 
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The results indicated in Table 1 are obtained by reducing the 
amplitude of carrier and side bands transmitted by one amplifier 
branch to obtain any angle from 60° to 90° between courses A and B, 
and then introducing a circular radiation of the carrier and side 
bands transmitted by the other amplifier branch in addition to the 
normal figure-of-eight radiation for that branch. The space pattern 
as radiated from the beacon then becomes as shown in Figure 14 and 
the received polar diagram in Figure 15. The trigonometric equa- 
tion for the radiated space pattern is given by equation (13) and for 
the received pattern by equation (14). 


E,[(C; cos wt sin 6+sin wt (K,+cos 6)] 
, Ey 


— C; > [sin (w— a) t—sin (w+ w)t] sin 6 








= t3 [cos (w— w.)t—cos (w+ w2) t] [ A, + cos 6] 


amplitude of circular radiation due to w, 


‘maximum amplitude of figure-of-eight radiation due to w, 


K; 


C,=reduction factor for carrier and side bands due to a; 
e;= KK’ E, {C7 E, sin at sin? 6+ £2 sin wt [K+ cos 6}*} (14) 


In Figures 14 and 15, C,=0.7 and A,=0.22. 
Referring to equation (14), a course will occur whenever 


|K,+cos 6|=|C; sin 6| (15) 


This equation will have four solutions, one for each quadrant. In 
the first quadrant 


K,+ cos 6, = C; sin 4, 6, = angle of course A (16) 
In the second quadrant 
K.—cos @.= C; sin @ 6.=angle of course B (17) 
In the third quadrant 
K,—cos 0,= — C; sin 65 #,— angle of course CU (18) 
In the fourth quadrant 
K,+cos 6,= —C, sin & 6,=angle of course D (19) 
In equations (16), (17), (18), and (19) the factors sin 0,, cos 4, etc., are 


constants of positive sign. 
Subtracting (17) from (16) and solving, we obtain 


6, — 0, =2a where a= tan7!C, (20) 
Similarly, subtracting (19) from (18) and solving, we obtain 
» > t \ Do) 
0; 6; 2a (21) 
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FiagurE 14.—Space pattern when methods A 
and B for course shifting are combined 


Figure 15.—Received polar pattern corresponding to 
Figure 1g 
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We note, then, that the angle between courses A and B, and likewise 
between courses C and D, are dependent upon (;, the reduction 
factor of carrier and side bands in one amplifier branch. These angles 
are independent of the amount of circular radiation of carrier and 
side bands added to the normal figure-of-eight radiation of the other 
amplifier branch. 

Again, subtracting (18) from (17) and solving, we obtain 


6, = = 0, (22 
Similarly, subtracting (16) from (19) and solving, we obtain 
i= — 6, (23) 


Equations (22) and (23) indicate that courses B and C, and also 
courses D and A, are symmetrical about the 0° to 180° axis. This 
may be seen by reference to Figure 15. The angle between courses 
B and C is decreased, and the angle between courses D and A in- 
creased in like amount, as the ratio of maximum amplitude of cir- 
cular to figure-of-eight radiation due to the second amplifier branch 
is increased. If the phase of the circular radiation is reversed with 
respect to the phase of the figure-of-eight radiation, an increase in this 
ratio will result in an increase in the angle between courses B and 
C and a decrease in the angle between D and A. In either case, 
for a given fixed value of C,, ‘the angles between the courses A and 
B and between C and D remain fixed at a value 2 tan“'(\. 

The procedure of determining the proper values for C; and for A, in 
order to serve three courses at given angles with each other, is as 
follows: 

(a) Suppose | that courses A and B are 75° apart. Place 
2 tan “'C,=75°. Then C,=tan 37.5°=0.767. 

(0) Now, suppose that course C’ is 90° from course B. For con- 
venience in fixing ideas, refer to Figure 15. Under normal adjust- 
ments, that is, with no additional vertical radiation, course C would 
be 105° from course B. To decrease this angle to 90°, circular 
radiation of proper phase must be introduced. Since courses B and 
C are symmetrically disposed about the 0° to 180° axis, and the angle 
between courses B and C equals 90°, the angle of course C must be 
225°. Place 

| K2+cos(225°) | =| 0.767 sin (225°) | 
then 
| K,—0.707 |=| —0.542 | 
and 
K,=0.165 


(c) If course C’ were to be, say, 120° from course B, the vertical 
radiation to be introduced must be of the same magnitude as in (6) 
but of opposite phase. Thus, 6; becomes 240° anc 


| K.+ cos vee I 767 sin 240° | 


| Xa— 0.5 = | — 0.665 | 
K,= — 0.165 


(d) Suppose that an angle of 165° between courses B and C’ were 
desired. Course D is normally 180° from B and is therefore the course 
to be used, with the proper amount of circular radiation introduced 
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to obtain the desired angular shift. Courses D and A are symmetri- 
cally displaced about the 0° to 180° axis and course A is 75° from B. 
The angle of course D is therefore 
04 at 300° 
and 
| K+cos 300° | =| 0.767 sin 300° | 
| K,+0.50 |= | —0.665 | 


aS" vo 


Note that for this value of K2, course C is 90° from B. 

(e) Again, suppose that an angle of 195° is desired between courses 
B and C’. Course D will again be used but circular radiation of 
negative sign is necessary. 

A, — 315° 
| K2+ cos 315° | =| 0.767 sin 315° | 
| K,+0.707 | =| —0.542 | 
kK, aii 0.165 


Note that for this value of A2, course C is 120° from B. 


V. METHOD D, EXTENSION OF METHOD B 


It is frequently desirable to shift two of the four-beacon courses 
from their 180° relationship (viz, B and D) without disturbing the 
180° relationship between the other two beacon courses (A and C) 
This can be accomplished by the introduction of circular radiation 
in equal amounts of the carrier and side bands transmitted by both 
amplifier branches in addition to their normal figure-of-eight radia- 
tion. Figure 16 shows the beacon space pattern for a case of this 
type, and Figure 17 shows the corresponding received polar pattern. 
The mathematical expressions corresponding to these patterns are 
given in equations (24) and (25), respectively. 


(E, [cos wt (A, +sin 9) +sin wt (A, + cos 6)] 


— £1 fsin (o— a) t—sin (+) t] [K,+c0s 6] 


enp=K 





= [cos (w— we) f—cos (w+ we) t] [K2+cos 6] 


9 
_ 





where 


amplitude of circular radiation due to a; 
maximum amplitude of figure-of-eight radiation due to « 





kK, _ 


, amplitude of circular radiation due to a» 


>" maximum amplitude of figure-of-eight radiation due to w, 





er = KK’ E,{ &, sin wt [K,+sin 6]? + & sin wt [K,+cos 6]?} (25) 
A course will occur when equation (26) is satisfied. 
| K,+sin 0|=| K.+cos @| (26) 


In Figures 16 and 17, K,= K,=0.2 
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Applying method D, the minimum practicable angle that can be 
obtained between courses B and D is 145°. This angle can be made 
smaller, however, if the weakest course (C) is not to be used. For 
example, suppose that a radio range installed at Richmond, Va., is 
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Fiaure 16.—Space pattern when circular 
radiation in equal amounts of the modu- 
lated waves iransmitted by both amplifier 
branches is added to their normal figure- 
of-eight radiation 
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FiGurRE 17.—Received polar pattern corresponding to 
Figure 16 


to serve the routes to Quantico, Va., Norfolk, Va., and Greensboro, 
N. ( _ rhe bearings of these cities from Richmond are, respectively, 
1", 126°, and 237°. These are plotted in full lines in Figure 18 
together with the proper beacon space pattern for serving the routes 
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to these cities. The method of arriving at this pattern is of interest. 


Allowing an error of 0.5°, the courses to Norfolk, Va., and Greens- 
boro, N. C., are equally displaced from the course to Quantico, Va. 
The bearings of two of the three courses may, therefore, be substi- 
tuted successively in equation (26), and the values for A, and A, 
determined. Since the course directed on Quantico, which has a 
bearing of 1°, corresponds, obviously, to course A (fig. 17), having 


QUANTICO, VA (} °) 


RICHMOND, VA. 


SO. 


plication of the method of course-shifting illustrated by 
igures 16 and 17 to actual airway routes 


Figure 18.—A B 


a bearing of 45°, a correction factor of (+44°) to the bearings of the 
two courses to be substituted in equation (26) must be applied. 


Thus 
| A,+ sin(1°+44°) |=| K,+cos (1°+44°) | 


| K,+sin (125.5°+44°) |=| K.+cos (125.5° + 44°) | 
Solving, these two equations simultaneously, we have 
K, =0.40 
K,=0.40 


A verification that these values are correct may be had by determining 


whether | 0.4+sin (236.5°+44°) |=|0.4+ cos (236.5° + 44°) | 


Solving | 0.582 | =| —0.582 |, which is correct. 
Some difficulty arises in the application of this method due to the 


fact that no coupling should exist between amplifier branches of the 
beacon transmitter. Referring to Figure 3, introducing circular 
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radiation of the modulated waves transmitted by both amplifier 
branches of the system involves coupling the vertical antenna to 
suitable inductances inserted at A and at B. This at once introduces 
coupling between amplifiers and tends to destroy the beacon pattern. 
To overcome this difficulty the arrangement indicated in Figure 19 
must be employed. The inductances, S,; and S2, are inserted at A 
and at B as previously, but S; and S, are crossed at 90° with each other. 
The secondary coils, R, and R,, are mounted concentrically with S, 
and S, and are also at 90° with each other. , is connected in series 
with the tuned antenna circuit while R, is connected in a tuned cir- 
cuit of constants identical with those of the antenna circuit. R, and 
R, may be made rotatable, making the coupling arrangement similar 
to the 4-coil goniometer used for coupling the radio range transmitter 
to the loop antenna system. As was shown in the case of the 4-coil 
goniometer, no coupling exists between amplifier branches, provided 
the loop antennas are in ac- 
curate tune. (See pp. 910- 
912 of paper on Radio Aids 
to Aviation, by J. H. Dell- 
inger and H. Pratt, Proc. 
I. R. E.; July, 1928.) The 
coupling between S, and 8, 
by virtue of their mutual 
induction with R, is exactly 
neutralized by the coupling 
between S, and S; by way 
of R,. This holds true for 
every angular position of the 
FicurE 19.—Neutralizing arrangement to pre- rotor system R; Ro. 

vent intercoupling between the two amplztfier The position of R, to ob- 


branches even though these are coupled to the : : wy * 
same vertical antenna tain equal circular radiation 


of the modulated waves 
transmitted by the two amplifier branches is, of course, at 45° 
with S; and S,. Changing the angular setting of R, results in a 
change in the relative amount of circular radiation for the two 
modulated waves. This provides an added feature of flexibility, since 
it makes it possible to shift the two sets of 180° courses (A, C, and 
B, D) from their 180° relationship in varying amounts. This may 
best be illustrated by the results collected in Table 2. The received 
polar diagrams shown in Figures 13 and 17 correspond, respectively, 
to the 90° and 45° rotor settings in Table 2. 











TABLE 2 
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| Angle Angle 
Rotor | ‘ , Angle of | Angle of | Angle of | Angle of | between | between 
setting | , course A | course B | course C | course D | courses | courses 
| |}CandA,DandB 
| 
| 
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VI. METHOD E, COMBINATION OF METHODS D AND A 


A typical example will best explain the combination of methods D 
and A to give a flexible procedure for shifting the beacon courses so 
that they may coincide with the airways radiating from a given air- 
port. Considering the bureau’s experimental station at College Park, 
Md., suppose that it is desired to direct courses on Hatboro, Pa., 
Norfolk, Va., Quantico, Va., and Bellefonte, Pa. The bearings of 


117,8° 123.5° 


Ficure 20.—First approrimation toward serving the four 
airway routes shown 


these cities from College Park are, respectively, Hatboro, Pa., 48.5°; 
Norfolk, Va., 160.5°; Quantico, Va., 219.5°; and Bellefonte, Pa., 343°. 
These courses are plotted in Figure 20, the angles between these 
courses being as indicated. The four courses can obviously be 
approximated by the method of amplitude reduction (method A) for 
shifting courses. Thus, draw line AC through the origin and equally 
displaced from the courses to Hatboro, Pa., and Quantico, Va. 
Also draw line BD through the origin and equally displaced from the 





286 Bureau of Standards Journal of Research (Vol. 4 


courses to Norfolk, Va., and Bellefonte, Pa. The angle between these 
two lines is 62.2°. Placing 2 tan~! C,=62.2° where (C, is the reduc- 
tion factor for the carrier and side band in amplifier branch 2, we 
obtain C,=0.603. It is now necessary to introduce sufficient cir- 
cular radiation of both modulated waves to make courses A, B, C, 
and D coincide with the desired routes. The proper values. for 
K, and K, may be determined by substituting the bearings of two of 
the desired courses in equation (27) 


|K,+sin (@—12.9°)'=|K,+ 0.603 cos (@—12.9°)| (27) 
The correction angle 12.9° is necessary to make courses A and D 
symmetrical about the 0° to 180° axis. (See fig. 7.) Substituting 
the bearings for the courses to Hatboro, Pa., and Norfolk, Va., in 
(27), we have 
|K,+sin (48.5°—12.9°)! =|K,+ 0.603 cos (48.5° — 12.99) 
|K,+sin (160.5° — 12.9°)| =|K,+ 0.603 cos (160.5° — 12.9°)| 


— K, = —0.060 
= ae 


K, = 0.033 


The corresponding angular setting of R, (fig. 19) is easily computed. 
The resultant space pattern is given in Figure 21. 


‘ i; 
QUANTICO, VA. (219.5 °) NORFOLK, VA. (160. 5°) 


Fiaure 21.—Final polar pattern for serving the four routes shown 
simultaneously 
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VII. METHOD F, SHIFTING THE COURSES BY CHANGES AT 
- THE RECEIVING STATION 


The methods for shifting the beacon courses as described above all 
require certain adjustments at the beacon transmitting station. 
Another possible method utilizes an adjustment of the receiving 
equipment aboard the airplane. This is accomplished by shunting a 
suitable resistance across the coil actuating one of the two reeds 
comprising the course indicator, thereby reducing the sensitivity of 
that reed. The course, as determined by equality of reed deflections, 
is therefore shifted from the true equisignal zone of the beacon in the 
direction of the shunted reed. The same effect is thus accomplished 
as by shifting the courses at the beacon. 

This method may be used alone; that is, with the beacon normally 
adjusted for four courses at 90° to each other, or it may be used in 
conjunction with any of the methods outlined above. In the former 
case, a course shift of 15° on either side of the four beacon courses can 
be obtained. In the latter case, the degree of course shift possible 
(at the same time fulfilling the criteria set up under method A), 
depends upon the polar pattern employed. 

An example of the latter case may be seen by reference to Figure 18. 
A course directed on College Park, Md., in addition to the three 
courses already indicated, is desired. The pilot may obtain this 
course in preference to the one directed on Quantico, Va., by shunting 
the proper reed by a suitable resistance, thereby obtaining the dotted 
line pattern B on that reed in place of the full line pattern A obtained 
with the reed unshunted. 


WasHINGTON, September 11, 1929. 
88500°—30———8 
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THE ABSORPTION OF SOUND AT OBLIQUE ANGLES OF 
INCIDENCE 


By P. R. Heyl, V. L. Chrisler, and W. F. Snyder 


ABSTRACT 


The absorption of sound at oblique angles of incidence has up to the present 
been purely a matter of theory, no experimental work having been published on 
the subject. Theoretical discussions have been given, which appear to be in 
error in an essential point, namely, the overlooking of the probable existence of 
rotational motion in the region of absorption. 

This paper describes experiments made to investigate this question. It is 
found that the absorption varies with the angle of incidence, but not according 
to the law which has been deduced from purely theoretical considerations. 

As a consequence of the experiments described in this paper the conclusion has 
been reached that the tube method of measuring absorption is limited in its 
application to relative comparison of samples of similar neture, and that for 
absolute values of absorption the reverberation method is the only trustworthy 
one, 


CONTENTS 
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I. ORIGIN OF THE QUESTION 


Two methods are in general use for determining the coefficient of 
absorption of sound of a material—the tube method ' and the rever- 
beration method.? The results obtained by these two methods have 
frequently been discordant to an extent that can not be accounted 
for as experimental error. For instance, Celotex BB at 5i2 cycles 
may show by the tube method an absorption coefficient of 0.31, and 
in the reverberation room 0.61. With Balsam Wool the results may 
differ still more widely, 0.16 and 0.55. This discrepancy is found 
with most substances, though exceptions occur, especially with mate- 
rials of low absorption, such as glass. 

It has been suggested that such differences might arise from the 
fact that in the tube method as usually applied the incidence of 
sound upon the test plate is normal, while in the reverberation room 
the sound reaches the sample at all angles. 

A considerable element of uncertainty has always attached itself to 
measurements of sound absorption. There have been but few work- 
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ers in the subject, and these have sometimes failed to agree, while at 
other times the concordance of results has been encouragingly satis- 
factory. Of these observers, some have used one method and some 
the other, and until recently no one laboratory has been equipped to 
make comparative tests by both methods and by the same observers. 

With the completion of the new reverberation chamber at the 
Bureau of Standards such an opportunity offered itself. The results 
of the work were at first disappointing. Instead of eliminating the 
discrepancies they were confirmed. Analysis of the results. however, 
has led to certain conclusions of interest. 


II. THEORETICAL DISCUSSION 


Paris * has published a mathematical discussion of the absorption 
of sound at any angle of incidence in which he gives a formula which, 
applied to a material of coefficient 0.28 at normal incidence, indicates 
an increase of about 25 per cent at 45° and of 50 per cent at 60°. 

This paper by Paris was the outgrowth of an earlier paper by the 
tate Lord Rayleigh.* Both of these authors treat of sound waves in 
the classical way, representing the motion by the usual differential 
equation in which the dependent variable is the velocity potential ¢. 
Paris (p. 411) gives expressions for ¢ in the incident and reflecte« 
beams and lays down a condition which ¢ must satisfy at the reflecting 
surface, from which condition he derives an expression for the 
absorption. 

Now sound absorption, when present to any considerable degree, 
is usually a consequence of porosity. In the act of reflection the air 
immediately in contact with the surface is forced in and out of capil- 
lary channels in the material, encountering frictional resistance which 
converts a portion of the sound energy into heat. This mechanism 
of absorption was recognized and clearly stated by Rayleigh.® 

But friction is particularly prone to set up rotational motion in 
fluids, and in a region of rotational motion there can be no velocity 
potential. 

Such rotational motion will probably disappear again because of 
viscosity at a very short distance from the reflecting surface. It 
would, therefore, appear that over a thin layer of air close to the 
absorbing surface the usual differential equation for sound motion in 
air is not valid. 

Even with glass, which has no sensible pores, there is an appreciable 
amount of absorption of sound which must arise from friction of some 
kind, probably of a sliding nature; and to the extent to which friction 
plays a part in reflection conclusions based upon the existence of a 
velocity potential must be uncertain. 

It must be admitted that this criticism applies equally well to such 
a theory of the tube method as is given in Bureau of Standards 
Scientific Paper No. 526.6 Taylor’s derivation,’ however, seems 
free from this theoretical objection, and yet his formula for the 
absorption agrees perfectly with that obtained by Eckhardt and 
Chrisler. 


3 E. T. Paris, Proc. Roy. Soc., A, 115, p. 407; 1927. 
‘ Rayleigh, Phil. Mag., 39, p. 225; 1920. 

5 See footnote 4. 

6 See footnote 1, p. 289. 
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Where theory stands on such uncertain ground recourse must be 
had to experiment, and up to the present time no experimental work 
on this subject has been published. 


Ill. EXPERIMENTAL RESULTS 


Without reproducing a mass of detail it may be said that the 
result of experiments on a great variety of materials by both the tube 
and the reverberation methods by the same observers has been to 
confirm the difference in results usually found by the two methods, 
the tube method giving the lower results. It has been noticed, how- 
ever, that at high frequencies these differences may disappear. 
Table 1 gives results for two materials which illustrate this point well. 


TABLE 1.—Comparison of absorption coefficients at different frequencies 





| Coefficient at frequency 





Material and method 
512 1,024 2,048 
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Results of this nature suggest that there is something in acoustics 
analogous to what in atomic physics is called the “‘correspondence 
principle.” The results correspond well at high frequencies but not 
at low ones. In view of this agreement at high frequencies the reason 
for supposing the absorption to vary with the angle of incidence is 
somewhat weakened. Following the tradition as set by the work of 
W. C. Sabine, measurements of coefficient of absorption were at first 
made mostly at 512 cycles, as representing a fair average of the 
different frequencies with which acoustic work has to deal. Had it 
happened that a frequency of 2,000 or more had represented this 
average it is doubtful whether the question of variation of cofficient 
with angle of incidence would then have arisen. 

The difference at low frequencies may be due in part to the fact 
that with large samples, such as are used in the reverberation room, 
there may occur structural vibration which is not present in the much 
smaller samples used in the tube method. Such vibration, with 
accompanying dissipation of energy, would be more in evidence at 
low frequencies; but there is also another factor which may enter 
into the case, and which will be mentioned later. 

For a more direct investigation of the question of absorption at an 
oblique angle of incidence a special form of apparatus was devised, 
shown in Fiewe 1. This was a modification of the usual form of 
tube apparatus as used for normal incidence, and was built in two 
forms, for angles of incidence of 45° and 60°, respectively. The form 
illustrated in Figure 1 is that for 45°. The 45° apparatus as actually 
set up is shown in Figure 2. 
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The sound produced by a loud speaker passed by two equal paths 
to the ends of the absorption apparatus. This consisted of an elbow 
of large brass tubing, open at the bend, to which opening the test 
plate was applied. Stationary waves were set up in each leg of the 
absorption apparatus, and the measurements involved were the same 
as with the usual type at normal incidence, except for the fact that 
observations at oblique incidence could not be taken close to the plate, 


LOUD 
SPEAKER 























: ee 


PLATE 





Figure 1.-T'ube apparatus for 45° incidence. 


With this apparatus measurements were made at angles of incidence 
of 45° and 60° on glass, Masonite, Celotex, and Akoustolith, and the 
results were compared with figures obtained for these materials at 
normal incidence with the usual type of apparatus. Table 2 gives 
the results thus obtained. 


TABLE 2.—Coefficients of absorption by the tube method at different angles of incidence 
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Of the materials listed in Table 2, Akoustolith and Celotex (at 512 
cycles) correspond closely to the supposed material of 0.28 absorp- 
tion at normal incidence to which Paris applied his formula, but the 
experimental results for these materials at oblique angles are quite 
different from those indicated by Paris’s calculation. Instead of in- 
creasing, the absorption decreases at both 45° and 60°. 

This decrease at 45° is in evidence for all materials given in the 
table and at both frequencies. There appears to be a recovery at 
60°, partial or complete, but the only certain case of increase at this 
angle (that of glass) is about 100 per cent instead of 50 per cent. 

These results, as far as they go, indicate that while the angle of 
incidence may have an effect upon the coefficient of absorption, it is 
not that indicated by the formula of Paris. 

In experiments such as these it is not possible to have all points 
of the test plate simultaneously in a node, as may be the case at 
normal incidence. The question of absorption at oblique incidence 
with every point a nodal point is rather an academic one, as such a 
condition is impossible of realization. However, in these experi- 
ments care was taken to adjust the apparatus so that (at least in 
theory) the short diameter of the elliptical test surface exposed to 
the sound should be a nodal line, of maximum pressure change, with 
a symmetrical diminution in pressure on either side. The average 
pressure over the test plate was thus the greatest attainable for that 
angle of incidence, though of course less than the theoretical pressure 
at normal incidence; and since absorption in capillaries is doubtless 
dependent upon pressure, a lower value of the absorption might be 
expected in all cases of oblique incidence. That this is the case at 
45° but not at 60° is rather puzzling. 

To check experimentally this suggested relation between absorp- 
tion and pressure a new sample of Masonite was applied to the 45° 
apparatus. Adjusting for maximum pressure along a short diameter, 
readings were obtained. The adjustment was then changed so as 
to bring the nodal line near one end of the test plate, with a conse- 
quent lowering of the average pressure over the whole plate, and 
readings were again taken. ‘Table 3 gives the coefficients of absorp- 
tion thus obtained. 


TABLE 3.—Coefficients of absorption at different pressures 


[Masonite, tube method, 45° incidence] 








Coefficient at 
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Distribution of pressure a ees ase 
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It will be noticed that the coefficients of absorption obtained in 
the symmetrical case agree quite well with those obtained under 
similar conditions as given in Table 2, but that with the unsymmetri- 
cal distribution and consequent lower average pressure the absorption 
falls off considerably. 
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IV. DISCUSSION OF RESULTS 


We may briefly summarize the experimental facts presented. 

1. The coefficient of absorption may vary with the fluctuation of 
pressure developed at the absorbing material while the intensity of 
the incident sound remains constant. (Table 3.) 

2. The coefficient of absorption may vary with the angle of inci- 
dence, but not according to the ideale of Paris. (Table 2.) 

3. The coefficient of absorption of most materials increases with 
the frequency, at least to about 2,000 cycles per second. 

4. The coefficient of absorption usually measures higher in the 
reverberation chamber than by the tube method. This discrepancy 
disappears at high frequencies. (Table 1.) 

It appears likely that the first of these facts is the underlying cause 
of the others, for reasons which we will now set forth. 

In order to understand the reason for a difference in coefficient of 
absorption in the cases of normal and oblique incidence we must 
examine the pressure conditions produced in each case at the ab- 
sorbing surface. This pressure arises from the development of a 
region of alternate condensation and rarefaction at a certain place or: 
the surface. Since a sound wave is not a convection current, and 
since fluid pressure is equal in all directions, the maximum pressure 
at any point of the surface will be independent of the angle of 
incidence. 

Not so with the average pressure over the test plate. This may 
vary considerably with the angle of incidence. With a plane wave 
normally incident upon a plane surface it may be that every point 
of the surface will be simultaneously in a node. This is impossible 
with an obliquely incident wave, which can give only a nodal line of 
maximum pressure change with a diminishing pressure change and 
increasing motion on either side; and the greater the angle of incidence 
the more rapidly will the pressure change fall off on either side of the 
nodal line. The average pressure change, and, consequently, the 
coefficient of absorption, should, therefore, diminish steadily with 
increasing obliquity of incidence. 

This is opposed to Paris’s theoretical conclusion and, what is more 
important, partly in disagreement with the results on absorption in 
Table 2, which exhibit a falling off at 45° and a recovery at 60°. 

In explanation of this contradiction with experiment it may be 
pointed out that it is impossible to realize a pure case of either normal 
or oblique incidence by the tube method. This fact was not realized 
when the apparatus for measurements at oblique incidence was de- 
signed, and was recognized only after a study of the results obtained. 
The sound wave is conducted to the upper end of the brass tube by a 
smaller pipe, and leaves the orifice of this pipe not as a plane wave, 
but rather as a spherical one. Consequently, there must be reflection 
from the walls of the tube. These walls have but little absorption, 
and the reflection is repeated all the way down the tube. There may 
be also a distortion of an otherwise plane wave due to viscous drag 
along the sides of the tube. Though a part of the original wave may 
reach the test plate at the bottom of the tube in a nearly plane con- 
dition, there is to be considered the interference arising from that 
part of the wave which has reached the bottom by the zigzag path of 
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reflection. We must, therefore, expect to find the pressure pattern 
over the test plate considerably broken up and the average pressure 
altered to an unknown extent. 

It is also impossible to realize a pure case of incidence at a single 
angle in the reverberation chamber. Here the absorbing surface is 
exposed to sound waves which, because of the distance of the source, 
may be approximately plane, but which meet the absorbing surface 
at various angles and in different phases, determined by the size 
and shape of the chamber and the relative positions of the source 
and the absorbing surface. In reverberation work an attempt is made 
to break up and subdivide the interference pattern in the chamber as 
finely as possible. Of this pattern the distribution of pressure over the 
absorbing surface is, at any instant of time, a cross-sectional repre- 
sentation. Were it possible to carry this subdivision to the limit the 
pressure at any given instant of time would be constant over the 
whole absorbing surface, and the sound waves might be described as 
verfectly shuffled. In practice such a condition is unattainable. 

he distribution of pressure will always be one of points of maximum 
and equal pressure change separated by regions of less pressure, with 
a consequent average less than the theoretical maximum for normal 
incidence. But the shorter the wave length the more closely will 
these maximum points be spaced, and the average pressure over the 
surface will rise with the frequency. This may be the chief factor in 
the explanation of the increase in absorption with frequency character- 
istic of all materials, and of the ‘‘correspondence principle” in Table 1. 

But why should results obtained in the reverberation chamber 
come out hinhar than those obtained by the tube method arranged 
for normal incidence? The answer must be that we do not get pure 
normal incidence, but a pressure pattern broken up by reflection 
from the sides of the tube. And since the coefficient under these 
circumstances comes out less than by the reverberation method, the 
‘only conclusion is that the average pressure in the tube must be 
lower than that in the reverberation chamber. In the absence of 
any other explanation the above is put forward tentatively. 

Though no definite angle of incidence can be obtained by the 
reverberation method, the average condition which prevails, with such 
subdivision of the interference pattern as is usually possible, is one 
which should be capable of approximate reproduction in any other 
reverberation chamber and one which corresponds quite well to con- 
ditions which prevail in any practical construction to which the 
tested material is to be applied. The utility of the tube method is 
confined to cases of rapid comparison of small samples on a relative 
basis, and this method should not be trusted to give absolute values 
except at high frequencies. 


V. CONCLUSIONS 


Because of the probability of rotational motion being set up in a 
region where sound absorption is taking place, it is unsafe to apply 
to such a region mathematical analysis involving the assumption of 
the existence of a velocity potential. Theoretical conclusions based 
upon such reasoning are invalid. 
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Physical considerations suggest that absorption should be a maxi- 
mum at normal incidence. This is confirmed to a certain extent by 
the results in Table 3. It is impossible, however, to realize a well- 
defined case of incidence confined to any angle either by the tube 
method or in the reverberation chamber. 

In the practical measurement of absorption coefficients the rever- 
beration method should be the only one trusted for absolute values 
of the coefficient, suitable for use under conditions that prevail in 
actual construction. 


WasHInGToN, September 10, 1929. 





RP150 


SENSITIVITY OF A GALVANOMETER AS A FUNCTION 
OF ITS RESISTANCE 


By H. B. Brooks 


ABSTRACT 


Maxwell derived a theorem which states that for the maximum deflection of a 

galvanometer connected to a given external circuit containing a given electro- 
cottes force the ratio of galvanometer resistance to external resistance should 
be equal to the ratio of the diameter of the wire in the galvanometer coil (before 
insulation) to the diameter including the insulation. Ayrton and Perry later 
stated that the galvanometer resistance should be equal to the external resistance. 
This widely quoted statement differs from Maxwell’s because Maxwell assumed 
an unchanging thickness of insulation, Ayrton and Perry a thickness varying 
directly as the diameter of the bare wire. 

The present paper demonstrates that while both statements are correct for 
their respective assumptions, the sensitivity function in each case is very flat in 
the vicinity of the maximum; that aside from considerations of damping the 
user has a wide range of choice of galvanometer resistance with relatively small 
loss of sensitivity, and can in fact sometimes obtain much better sensitivity with 
moving-coil galvanometers (when critical damping is considered) by departing 
from the theoretical optimum value of resistance. A general curve of the sensi- 
tivity function for the Ayrton-Perry assumption is given with a similar curve for 
a particular case for the Maxwell assumption. The performance of four lines of 
commercial galvanometers is shown by plotted points. 

The constructional limitations and those related to damping which must be 
considered in applying the conclusions of the paper are outlined, and the practical 
advantages of the facts brought out, to both maker and user, are briefly sum- 
marized. 


CONTENTS 


. Introduction 
. Sensitivity of the moving-magnet galvanometer 
. Sensitivity of the moving-coil galvanometer_____- 
’. Sensitivity for conditions widely different from the optimum. 
. Damping limitations of the moving-coil galvanometer- 
‘I. Constructional limitations 5 
. Practical considerations ---------~-- 


I, INTRODUCTION 


The question of the most suitable size of wire for the coil of a gal- 
vanometer, in order to secure a maximum sensitivity for certain 
definite conditions of use, arose during the development of the electric 
telegraph. Maxwell! investigated the case of a moving-magnet 
galvanometer used to measure the current in an external circuit of 

resistance R, and concluded that for the maximum deflection per volt 
in the external circuit the galvanometer should be wound with wire 
of such size that its resistance will be G, where G is defined by a rela- 
tion which in the symbols of the present paper is 


G/R= D/(D + 2t) (1) 


in which the right-hand member is the ratio of the diameter D of 
the bare wire to the diameter over the insulation of thickness ¢t. It 


1 Maxwell, Electricity and Magnetism, 2, sec. 716; 1873. 
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Ww o assumed that the wire was of uniform diameter throughout the 
coil. 

Maxwell ’ also investigated the best form of cross section for the 
circular coil of a moving-magnet galvanometer, and the manner 
in which the size of wire should be varied as the winding proceeded, 
in order to obtain the most efficient utilization of the winding space. 
Ayrton and Perry* republished Maxwell’s results and determined 
the condition for maximum sensitivity of a galvanometer having this 
most efficient form of winding. They found that the maximum 
sensitivity was obtained when the resistance of the galvanometer 
was equal to that of the external circuit. Heaviside * examined 
Ayrton and Perry’s analysis and demonstrated that the simplicity of 
their result did not contradict Maxwell’s sensitivity theorem, nor 
did it depend on the particular form of cross section of the coil, nor 
on the law governing the variation of the diameter of the wire from 
layer to layer, but solely upon a different assumption which Ayrton 
and Perry had made, namely, that the thickness of the insulation 
was in every case to be a constant fraction of the diameter of the 
wire, or in present-day terms, that the space factor was to be constant. 

An examination of Maxwell’s analysis shows that the peculiar 
result he obtained (as given in equation (1)) depends upon his tacit 
assumption that t, the absolute thickness of the insulation, is constant 
for all sizes of wire. If in his preliminary equations t be taken as a 
constant fraction of D, the result obtained by Ayrton and Perry will 
be obtained, namely, that for maximum sensitivity the galvanometer 
should be wound to have a resistance equal to that of the external 
circuit. 

This theorem has often been quoted. For example, in the case 
of a wheatstone bridge having a resistance of 100 ohms in each of the 
four arms the battery diagonal may be neglected for the condition of 
approximate balance, and, hence, the ‘‘internal resistance” of the 
bridge, which is the external resistance as far as the galvanometer 
is concerned, is 100 ohms. It is customary to say that in this case 
for maximum sensitivity one should choose a galvanometer having a 
100-ohm coil if the choice lies between galvanometers which are 
identical in every respect except in size of wire, and, consequently, 
in number of turns and resistance of coil. While this advice can be 
followed with moving-magnet galvanometers, it will, in general, 
result in serious loss of time in taking readings if the galvanometers 
in question are of the moving-coil type without damping frames, 
because as a rule such galvanometers as now made are much over- 
damped when connected to an external circuit having a resistance 
equal to the coil resistance. It will, however, be convenient, in 
the analysis now to be presented, to assume initially that the gal- 
vanometers are either of the moving-magnet type, or that for other 
reasons considerations of damping may be neglected. The manner 
in which the conclusions reached may need to be modified for moving- 
coil galvanometers will be indicated in a later section of this article 
entitled “‘Damping Limitations of the Moving-Coil Galvanometer.” 

It is often the case, in the mathematical treatment of problems of 
maxima and minima, that no investigation is made concerning the 
manner of variation of the dependent variable on both sides of the 


? Maxwell, Electricity and Magnetism, 2, secs. 717-720; 1873. 
‘Ayrton and Perry, J. Soc. Teleg. Engrs., 7, pp. 297-300; 1878. 
‘ Heaviside, J. Soc. Teleg. Engrs., 9, pp. 202-206; 1880. 
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point of maximum or minimum. Such incomplete treatment of the 
problem is apt to be very misleading, and one should not blindly 
adopt the optimum condition at the expense of other qualities with- 
out first investigating to see what happens for a considerable range 
of values of the independent variable on both sides of that which 
gives this optimum condition.® 

The object of this paper is to show that while the theorems of 
Maxwell and of Ayrton and Perry concerning what may be called 
the working sensitivity of a galvanometer are theoretically correct, 
there is nevertheless a great deal of latitude in the choice of the 
resistance of the galvanometer, with only a relatively small resulting 
loss in sensitivity, and with some material advantages. The manner 
in which the user may take advantage of this fact will be indicated.* 


II. SENSITIVITY OF THE MOVING-MAGNET 
GALVANOMETER 


There are various ways of expressing the sensitivity of a galvanom- 
eter, all of which ultimately wane to its current sensitivity; that is, 
its response (deflection) for unit current in its coil. There are cases, 
such as in the measurement of insulation resistance by the direct- 
deflection method, where the external resistance is so high that the 
current sensitivity is the important property, but the scope of this 
paper is limited to cases where the resistance of the external circuit 
does not differ from that of the galvanometer by more than say a 
few orders of magnitude. For such cases the user is concerned with 
what might be called the ‘‘working microvolt sensitivity,’ but which 
will be called for brevity the ‘‘working sensitivity” in the following 
discussion. The working sensitivity applies only to the user’s par- 
ticular problem at the moment, and may be defined as the response 
of the galvanometer for unit electromotive force in a circuit which 
includes the galvanometer and a particular external circuit. As 
illustrations may be cited: (a) The measurement, by direct deflection, 
of a small thermal emf. set up in a thermocouple of given resistance; 
(b) the detection (and reduction to zero) of the small electromotive 
force across the galvanometer diagonal of an unbalanced wheatstone 
bridge. 

The moving-magnet galvanometers in use in Maxwell’s time had 
coils of circular form in which all portions of the length of any given 
turn of wire were equally effective in setting up a magnetic field at 
the center of the coil. For simplicity this form of galvanometer will 
be assumed initially in this treatment of the problem, and the case 
of the permanent-magnet moving-coil (d’Arsonval) galvanometer will 
be considered later. 





+ An example, although unrelated to the present case, will serve to demonstrate this point. Suppose 
that it is desired to make a metal ‘“‘weight”’ in cylindrical form. It may easily be shown that to have 
the ens | volume of metal with the desirable minimum of exposed surface the diameter of the weight 
should eq its height. However, other considerations may call for a different form with the height 
either much smaller or much greater than the diameter. It may be shown that when the diameter is 
twice (or one-half) the height, the volume-surface ratio is only 5 per cent below its desirable maximum 
value, and for the diameter equal to four times (or one-fourth) the height the ratio is still within 13 per 
cent of the maximum. It is obvious that one does not have to sacrifice much in other requirements to 
obtain virtually the full benefit of the optimum form of weight. 

6 That galvanometer makers and users do not realize how much latitude is possible is shown by state- 
ments in catalogues and text books. For example, a recent (1928) textbook on electrical measurements 
States that ‘‘In the choice of a galvanometer for a definite measurement one should be careful to have the 
resistance of the galvanometer as nearly as possible of the same order of magnitude as the resistance of 
the measurement circuit.” An equally recent catalogue states: ‘‘It should be remembered that for a 
given constant electromotive force in circuit, the resistance of the coil should, if possible, equal all the 
resistance of the external circuit, including the suspension,” 
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Referring to the circular coil shown in cross section in Figure 1, let 


L=mean length of turn; that is, total length of wire divided by 
number of turns. 
D=diameter of bare wire. 
p=volume resistivity of material of wire, assumed constant. 
t= thickness of insulation. 
N=number of turns of wire in the coil. 
resistance of the coil. 
=resistance of external circuit. 
-electromotive force acting in the circuit. 


Then the resistance of the coil is 
G=4NLp/rD* 
and the current is 


I= E|(R+@) 
= E/(R+4NLp/7rD*) (2) 


For any given shape and given cross section of the 
coil, and any number of turns in it, the magnetic 
field strength at its center (or any point within 
or near the coil) will be proportional to the ampere 
turns.’ Since the deflecting torque exerted upon 
a given magnetic needle within or near any coil 
is directly proportional to the strength of 
the magnetic field set up by the ampere 
turns in the coil, we can consider the 
deflection of the galvanometer as propor- 
tional to the ampere turns. In a discus- 
sion of relative sensitivity, when two or 
more coils which differ only in number of 
turns are concerned, the deflecting torques 
Figure 1.—Galvanometer coil themselves need not be known, but may 
connected to an external cir- be represented by the corresponding val- 
cuit containing an electromo- yes of ampere turns, to which the torques 
apegene are directly proportional. 

If we multiply both sides of equation (3) by N and divide by Z£, 
the result will be an expression for the ampere turns per volt, which 
is directly proportional to the working sensitivity of the galvanometer 
for the case of the particular value of resistance / in the external 
circuit. Denoting this quantity, which is a function of the size of 
the wire, by F’, we have 


F=NI1/E 
N/(R+G4) 
= N/(R+4NLp/xD?) (4) 





eee” ~ + 
++ HAL e 6.9.0 














? This is true for a coil of any form having a cross section which may be the same everywhere or may 
change in form and dimensions from point to point in any manner, provided the current distribution over 
a plane intersecting the cross section anywhere is not changed when the number of turns is changed. For 
a constant value of ampere turns such a plane will obviously cut the same total current regardless of the 
number of turns. 
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In this expression N and D are not only interdependent, but depend 
on t, the thickness of the insulation. We may eliminate WN and intro- 
duce t by using the fact that the volume V occupied by the winding is 
constant for all sizes of wire and thicknesses of insulation and is 


V= NL(D+2t)? (5) 
N=V/[L(D +21) (6) 


from which 


Substituting this value of N in equation (4), and simplifying, we get 
a general expression for the ampere turns per volt, namely, 


1 


l=TR (D + 2t)?/V+4pL/cD? 


(7) 


in which the only variables are the diameter of the bare wire D), and 
the thickness of insulation ¢. Such a general relation would be 
represented by a surface. Since in wire-manufacturing practice there 
are fairly definite relations already established between the diameter 
D and thickness of insulation ¢, we may make F' a function of a single 
variable by making ¢ a constant or by introducing a suitable relation 
between D and t. For example, in the case of silk-covered wire the 
thickness of the insulation is usually constant regardless of the diam- 
eter of the bare wire. Differentiating equation (7) on this basis, we 
have 


dP _ 2LR(D + 2t)/V—8pL/rP* 9 
dD~ ~(LR(D + 2t)!/V +4pL/2D*P (8) 


The condition giving a maximum value of F is obtained by equating 
the numerator of the right-hand member of equation (8) to zero, from 


which 
4 p/rD® = R(D + 2t)/V 
4pV/[xD*(D+2t)|=R 


which on substituting the value of V from equation (5) and that of 
G from equation (2) becomes 


G(D+2t)/D=R 


that is 


G/R=D/(D + 2t) (9) 


which is identical with the expression found by Maxwell for the case 
of t constant for all sizes of wire. 

As a second relation, which may be taken to hold with sufficient 
approximation for the sizes of enamel-insulated wire used in the con- 
struction of moving-coil galvanometers, the thickness of the insula- 
tion may be assumed to be directly proportional to the diameter of 
the bare wire; that is, 

t=aD (10) 


When this value of ¢ is substituted, equation (7) becomes 


] 


F= TRDM1 + 2a) V +4pL/aD* 














302 Bureau of Standards Journal of Research [Vol. 4 


from which 


adF___2(1+ 2a) LRD/V—8pL/rDP* 
dD [LRD*(1 + 2a)?/V+4pL/xD*P + ve fl) 





Equating the numerator to zero we have the condition for a maximum 
value of the function F for this case, namely, 


4p/rD® = (1+2a)?RD/V 
from which 


4pV/[rD*(1+2a)"]=R 
Substituting for V its value NLD?(1+ 2a)’, there results 


4NLp/xD?=R 
that is 
G=R (13) 


which is the result found by Ayrton and Perry after introducing the 
condition that the thickness of the insulation bears a constant ratie 
to the diameter of the bare wire. 

For the sake of having a simple form of coil in mind the preceding 
analysis has been referred to the simple circular coil of rectangular 
cross section shown in Figure 1. However, the conclusions are appli- 
cable to a galvanometer having a coil of any form with a cross section 
which may be either of the same form everywhere or may change from 
point to point. This follows from the fact already stated, preceding 
the writing of equation (4), namely, that the magnetic field at any 
point within or near a coil of any form whatever will depend solely 
upon the ampere-turns regardless of the number of turns in the coil. 


III. SENSITIVITY OF THE MOVING-COIL GALVANOMETER 


In the preceding discussion every portion of the length of the wire 
composing the galvanometer coil was effective in setting up a magnetic 
field at the center of the coil upon which the deflection pe In 
the permanent-magnet moving-coil (d’Arsonval) galvanometer, 
which is the favorite instrument at the present time for all but very 
special work where the sensitivity must be pushed to extreme values, 
the galvanometer resistance is made up of three parts; (a) that of the 
elements of the coil which may be considered as active, that is, those 
parts of the vertical sides which cut the flux of the permanent magnet 
and provide the torque; (6) that of the top and bottom parts of the 
coil which do not cut the flux and which may be considered as serving 
merely to connect the active wires in series; (c) the resistance of the 
suspensions.® Since the suspensions are assumed to remain unchanged 
as the size of wire in the coil is changed, their resistance may be taken 
as constant. Obviously, this resistance should be counted in as part 
of the external circuit. This procedure is particularly important for 
galvanometers having coils with a resistance of only a few ohms, in 
which case the resistance of the suspensions may be several times the 





8 Many galvanometers of the moving-coil type have the moving coil supported by pivot-and-jewel 
bearings, and have spiral springs which serve the dual purpose of carrying current to and from the coil 
and of supplying the counter force. For example, many pyrometer galvanometers used with thermo- 
couples are of this description. It will be understood that whenever the word ‘‘suspension”’ is used in this 
article the use of spiral springs as an electrical and mechanical equivalent is understood 
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resistance of the coil. It might seem at first glance that the resistance 
of the ‘‘inert’”’ horizontal wires at the top and bottom of the coil 
ought also be counted as part of the external resistance, but it will 
be shown that this is not the case. 

In order that the preceding reasoning for the moving-magnet gal- 
vyanometer may be applied to the moving-coil galvanometer it is 
only necessary to show that in the latter the torque varies directly 
as the ampere turns in the coil, just as in the former the magnetic 
field at the center of the coil, and, consequently, the torque on the 
moving magnet varies as the ampere turns. In the moving-coil 
calvanometer the torque 7 is equal to the product of four factors; 


that is 
T=H-I-(2Nh)-b/2 (14) 


in which H is the magnetic field intensity in the air gap, J the current, 
2Nh the total length of active wire, made up of two vertical sides of 
each of the N turns of effective height h, and 6/2 is one-half the 
effective breadth of the coil; that is, it is the average distance from the 
individual vertical wires to the axis of rotation of the coil. Equa- 
tion (14) may be written 


T= Hhbx NI (15) 


= Constant X ampere turns 


In this expression the coefficient of NJ is a constant for the given 
galvanometer regardless of the size of the wire of which the coil is 
wound. Hence, all the relations previously derived for the moving- 
magnet galvanometer apply to the moving-coil galvanometer also, 
if the resistance of the suspensions be included as part of the external 
resistance. 


IV. SENSITIVITY FOR CONDITIONS WIDELY DIFFERENT 
FROM THE OPTIMUM 


It is not possible to obtain stock galvanometers in closely graded 
steps of coil resistance and it would be necessary to draw special 
sizes of wire to produce them, as may be seen from the fact that in a 
series of coils of constant space factor wound from consecutive A. W. 
G. sizes of wire the resistances of any two adjacent coils in the series 
would be in the ratio of 1.6 to 1. It will be of interest, therefore, to 
see what happens when the resistance of the galvanometer varies 
from a value very much lower than the optimum value to one very 
much higher, and having thus discovered how much latitude is pos- 
sible without serious loss of sensitivity, to consider in what way this 
latitude may be turned to practical advantage. In order to do this 
conveniently, a relation will be developed from the preceding equa- 
tions, as follows: 

The general expression for the function, ampere turns per volt, 
which is proportional to the working sensitivity, is 


F=N/(R+@) (4) 
This relation holds without restriction as to the ratio of the diameter 


of the wire to the thickness of insulation. From this point on one 
must select some definite relation between these quantities. 


88500°—30 9 
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Taking the case of thickness of insulation directly proportional to 
wire diameter; that is, a constant space factor, from equations (4) 
and (13) we have that 


Fax = N,/2R (16) 
where N, denotes the particular number of turns in the coil of resist- 
ance G,=R, which gives maximum sensitivity when used with an 
external circuit of resistence R. Dividing equation (4) by equation 
(16), 

ee 2R 
Fux R+G° N, . 
2k 8 60ON (17) 
“a R 7 G ; N, 
Since the resistances of two coils wound in identical winding 


spaces, using wires of the same space factor, are to each other as the 
squares of their numbers of turns, 


N fj vA 3 = G/G; 
and since by equation (13) 
G, _— R 
it follows that 
r oa IWW7I = 
N [N; 7 VG/R 
Introducing this value into equation (17), it becomes 
F 2 
— i — — : rh “- = 
Fax VG/R++7R/G 
which can also be written in a form more convenient for computation 
namely, 


(18) 


a 
. (19) 


After the first term of the denominator has been computed its recip- 
rocal gives the second term. This function has the value unity 
when G=R. It is plotted as curve A in Figure 2, in which the ordi- 
nates are values of /'/Finax plotted in per cent of maximum sensitivity, 
and the abscissas are values of the ratio of galvanometer resistance 
to external resistance. The curve has such a flat maximum that it 
is necessary to plot the abscissas to a logarithmic scale in order to 
show the behavior of the function over an adequate range of relative 
values of galvanometer resistance to external resistance.® 

As an example of the use of curve A (fig. 2) let the external resistance 
be 100 ohms, so that a 100-ohm galvanometer is indicated as the most 
sensitive. It may be seen that one can use a galvanometer of any 
resistance between 20 ohms and 500 ohms and still obtain 4 sensitivity 
not less than 74 per cent of the maximum. 





® After this paper was written the author discovered that an equation identical in substance with equa- 
tion (18) had been given by Schuster in a paper entitled ‘‘ Electrical Notes,’ in Phil. Mag. 39, p. 175, 1895. 
Although Schuster does not so state, his reasoning applies only to galvanometers wound with wires of a 
constant space factor. In view of the fact that the useful information given by Schuster seems to have 
escaped general attention, possibly because of the rather indefinite title of the paper, it appears desirable 
to point out again the relationships involved in greater detail] and to extend the treatment to the case of a 
constant thickness of insulation as exemplified by silk-covered wire. 
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The plotted points of curve A (fig. 2) represent computed values of 
relative sensitivity of actual galvanometers for which representative 
average values of coil resistance, current sensitivity, etc., were kindly 
supplied by the makers. Four groups of galvanometers are included, 
nominally differing only in the resistance of the coil. For each 
group one galvanometer, of an intermediate value of resistance, was 
taken as a basis of reference, and its deflection for a given voltage in 
an external circuit having a resistance equal to its own resistance was 
plotted as point No. 1, namely, 100 per cent. Point 1 is thus common 
to all the groups. The deflection which each of the other galvanome- 
ters of the group would give when connected to the same external 
circuit with the same electromotive force acting was then computed 
as a percentage of the deflection given by the reference galvanometer 
and plotted as a point for which the abscissa is the ratio of galva- 
nometer resistance to external resistance. 

The following table gives particulars concerning the galvanometers: 


TABLE 1. 





Plotted 
points 


Group 


Maker designation] Coil resistance 


-|--. ——-—_| — 





Catalogue 
No. 

2420 ; 2,1,3 

Leeds & Northrup Co 2260 i 4,1,5 

2310 | 4.5 WL 5 6, 1 


8 








Cambridge Instrument Co Bese ; 41221 | 1, 000 9, 1, 10 





The galvanometers of the first three groups are of the permanent- 
magnet moving-coil type. The Cambridge galvanometers are of the 
Broca moving-magnet type. The Leeds & Northrup galvanometers 
are wound with enamel-insulated wire for which the thickness of the 
enamel is very nearly a constant fraction of the diameter of the bare 
wire. The coils of the Cambridge Instrument Co. galvanometers are 
made in England, and it has been assumed in this paper that the wire 
used in them has a constant ratio of thickness of enamel to diameter 
of bare wire. 

In the manufacture of galvanometers it is not found necessary to 
adjust the strength of individual magnets and the torsion of individual 
suspensions to standard values. It is sufficient to control these quan- 
tities so that at least a certain stated minimum value of sensitivity is 
attained. The failure of some of the points of Figure 2 to lie on or 
near curve A is the result of these manufacturing variations. From 
the maker’s data on the number of turns in the coils and the current 
sensitivity it has been possible to compute some values of relative 
sensitivity corrected to the basis of a standard strength of magnet and 
a standard torsion of the suspension. The corresponding points are 
denoted on Figure 2 by primed numerals; thus 4’ feasts the relative 
sensitivity of catalogue No. 2260 galvanometer of 20 ohms resistance 
reduced to the basis of the same strength of magnet and torsion of 
suspensicn as the 85-ohm galvanometer of this type, which is the ref- 
erence galvanometer of this group; and similarly for the other points 
5’, 9’, and 10’. 

Although the greater space factor of the enamel-insulated wire is an 
important advantage in the case of moving-coil galvanometers, par- 
ticularly for the finer sizes of wire, there are instances where single-silk 
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insulation is used. For moving-magnet galvanometers of relatively 
low resistance (say 10 ohms or less) the space factor of the single-silk 
and the enamel-insulated wires may be so nearly equal that other con- 
siderations may determine the choice. The relative working sensitiv- 
ity of galvanometers wound to have various resistances, using wire 
with a constant thickness of insulation, will now be discussed. It is 
assumed that the galvanometers are identical in al! respects other than 
the size of wire in the coil. 

Returning to equation (9), and denoting by D, and G, the particular 
values of D and of G which give maximum sensitivity, we have 


G,/R=D,(/D; +2t) (20) 


The leneth of wire in the coil, the diameter of the wire over the insula- 
o ) 
tion being D, + 2t, is 


NL = V/(D, + 2t)? (21) 


where JN, is the particular value of N corresponding to D,. The 
resistance of the coil is obtained by multiplying this value of the 
length by p and dividing the product by the cross-sectional area of 
the conductor; that is, 


G, =4Vp/[xD? (D, te 2t)?] (22 


Substituting this value of G, in equation (20) and simplifying 


D,A+2tD =4 Vp/7rR (20) 


which is not a general equation, but holds only for the diameter of 
wire giving maximum sensitivity. 

While a solution of equation (23) by analytical methods is possible, 
the procedure is laborious, and for practical purposes a graphical 
method is much simpler and quicker. The curve (fig. 3) has as 
abscissas values of optimum diameter of bare wire )),, and as ordi- 
nates values of the function D,*+2tD,°, using for 2¢ its usual value 
for single-silk covering, namely, 0.002 inch (0.05 mm.). For a given 
external resistance #, and a series of galvanometers which differ only 
in the resistance of the coil, that is, only in the diameter D of the 
bare wire, the value of the quantity 4Vp/zR, the right-hand member 
of equation (23) can be computed. The value of the abscissa D), of 
the curve (fig. 3) corresponding to this value of 4Vp/7R as ordinate 
‘an then be found directly. 

Returning to the general expression for F’, the ampere turns per 
volt, to which the working sensitivity is proportional, namely, 


F=N/(R+@) (4) 


using the symbols Fnaz, Ni, and D, in the same sense as in the pre- 
ceding discussion, and expressing the coil resistance G in terms of 
R and D, by equation (9), it may be shown by an analysis similar to 
the preceding that the equation for the relative sensitivity for the 
case of a constant thickness of insulation takes the form 


ATONE — Dy +t) D1 +2t) 
Faz R+4Vp/[xD® (D+2t)] (D +2t)? 
Having found the value of D, for any given case by using the above- 


mentioned curve, the right-hand member of equation (24) contains 
only one variable, D. Values of F/Finaz may then be computed for a 


(24) 
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number of values of D above and below the particular value D, for 
maximum working sensitivity, and a curve may be plotted giving 


100 


— 2 4 6 & © Ae 64. 16 18. BD 628. 84+) 26. 2 


DIAMETER OF BARE WIRE IN THOUSANDTHS OF AN INGH 


Figure 3.—Curve for the graphical solution of the biquadratic equation (23) 
for the optimum diameter of wire for the case of a constant thickness of 
insulation, namely, 0.001 inch 
For a given winding volume V (cubic inches), resistivity p (numerically equal to the resist- 

ance between opposite faces of a l-inch cube) and external re sistance R ohms, the curve is 


entered with the product 4Vp/zR. The corresponding ordinate has as abscissa the diameter of 
the wire. 


values of relative sensitivity F'/F,a: as a function of the coil resistance 
4Vp/[xD* (D+2t)"], values of which for the various chosen values 
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of D being obtained during the process of computing the values of 
F/F maz from equation (24). 

Curve B (fig. 2) has been computed for Cambridge Instrument Co. 
Broca galvanometers on the assumptions that the coils are wound 
with single-silk insulated copper wire and that the external resistance 
is 100 ohms. Comparing the two curves of Figure 2 it is seen that 
the maximum working sensitivity, using silk-covered wire, would be 
about 90 per cent of the maximum for the 100-ohm Broca galvanom- 
eter as it is actually wound with enamel-insulated wire. The maxi- 
mum working sensitivity, using silk-covered wire, occurs when the 
galvanometer resistance is a little over 80 ohms as required by 
Maxwell’s theorem, equation (1). The two curves intersect when 
the ratio of galvanometer resistance to external resistance is 0.062; 
that is, when the resistance of the galvanometer is 6.2 ohms for either 
kind of insulation. This is the case where the silk and the enamel 
have the same thickness. For galvanometers of lower resistance 
curve B lies a little above curve A, which means that for the coarse 
wires used in these coils the silk is thinner than the enamel.’ 

Going to the right of this point of intersection the ratio of the work- 
ing sensitivity of the galvanometer wound with silk-covered wire to 
that of the galvanometer of the same resistance having enamel- 
insulated wire decreases continuously, reaching the value 0.54 when 
the galvanometer resistance is 10,000 ohms. 


V. DAMPING LIMITATIONS OF THE MOVING-COIL 
GALVANOMETER 


Although the effect of the resistance of the external circuit on the 
damping is of little or no consequence in the use of moving-ntagnet 
galvanometers it is a very important matter when galvanometers of 
the moving-coil type are concerned. In these latter the following 
cases arise in practice: 

(a) The moving coil may be wound on a closed metal frame, or 
may be provided with a second closed damping winding which has 
no connection to the external circuit. One form of this auxiliary 
winding consists of a single closed turn of copper wire, and is sometimes 
spoken of as a ‘“‘damping rectangle.’”’ The use of this expedient in 
any form makes it possible to construct (or alter) a galvanometer so 
that the external critical damping resistance may have any desired 
value (above a certain minimum), even infinity; that is, the motion 
of the coil may be made aperiodic when its terminals are not joined 
by any conducting path. A well-designed direct-current voltmeter 
is a common example of this case. In it the moving coil is wound 
on an aluminum frame which provides nearly all the necessary 
damping. 

(b) The damping winding or rectangle of plan (a) has the dis- 
advantage that, being of service only while the coil is in motion, it 
adds otherwise needless weight and moment of inertia to the moving 
system. Consequently, when high sensitivity and shortness of period 
are desired, it is customary to avoid the use of damping coils, in which 
case the kind of motion of the coil and, therefore, the time required to 
obtain a reading depend very much on the value of the external 





10 This is on the assumption that the thickness of the enamel is actually a constant fraction of the diameter 
of the wire. While this is very nearly true for the sizes of wire used in the moving-coil galvanometers of 
Table 1, the practice of various makers of enamel-insulated wire is not uniform. 
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resistance. Many users prefer a slight amount of underdamping, 
such that the coil passes the point of final deflection by a small amount 
and then returns to this point without further observable oscillation. 
This slight overshoot gives the assurance that neither overdamping 
nor friction (‘‘sticking’’) is present. 

One point of considerable importance to the galvanometer user 
is that if the criterion be the time required to obtain a reading a 
much wider tolerance is possible for the case of underdamping. This 
may be illustrated by the results of an experiment made on a pivoted 
pointer g galvanometer having a frameless coil. The period of oscilla- 
tion on open circuit was 2.6 seconds and the time to come to apparent 

rest when critically damped 3.4 seconds. As the total resistance was 

reduced below the value for critical damping, the time to come to 
rest increased sharply, reaching a value of 8 seconds when the total 
resistance was two-thirds of the critical value. On increasing the 
resistance beyond the critical value the time to come to rest became 
5, 6, and 8 seconds for a total resistance twice, three times, and four 
times the critical value.” 

The important conclusion to the galvanometer user from this 
experiment is that if he must choose between underdamping and 
overdamping the former will give him much greater latitude in the 
total resistance for a given limit on the time to obtain a reading. 
Of this total resistance the external resistance is the part with which 
the user is usually more concerned. It sets a limit to the “internal 
resistance” of the bridge, potentiometer, thermocouple, or other 
device to which the galvanometer is connected. Assuming that 
critical (or slight under) damping is required the user who has already 
acquired a given galvanometer is usually concerned very little ” about 
the resistance of its coil, but very much concerned with the value of 
external critical damping resistance. If the resistance of the appa- 
ratus to be connected to the galvanometer is less than the given value 
of external critical damping resistance a rheostat in series with the 
apparatus may be used to bring up the external resistance to its value 
for critical damping. The working sensitivity will thus be constant 
for all values of apparatus resistance from zero to the value for 
critical damping. Ifthe resistance of the apparatus is greater than the 
external critical damping resistance, the galvanometer must be shunted 
to obtain critical damping, and it may be shown that if the external 
circuit has a resistance n times the critical value and the galvano- 
meter shunt has the proper resistance to produce critical damping, the 
working sensitivity will be reduced to 1/n of its former value.” 

If, however, a galvanometer is to be selected from a number 
which differ structurally only in size of wire and number of turns 
in the coil, and, consequently, differ electrically in coil resistance 
and external critical damping resistance, the analysis in the earlier 





11 Such a meats follows from the laws governing the motion of a galvanometer. The figures given in the 
above example should not be construed to apply gene rally because one must decide on a definition of 

“coming to rest.”’ For example, if the motion of the coil is exactly aperiodic it reaches its theoretical rest 
position only after an infinite time. However, it reaches this position, within 0.1 per cent of the deflection, 
in about 1.5 T, where 7' is the undamped free period. For underdamped and overdamped motion also the 
coil theoretically never reaches a condition of absolute rest. 

#2 An exception to this statement must be made when one is concerned with the effect of ambient tem- 
perature variations on the indications of a galvanometer which is connected to an external device; for 
example, a thermocouple. In this case there is a particular value of the temperature coefficient of resistance 
of the entire circuit which will offset the temperature coefficient of torsional rigidity of the suspension. The 
high temperature coefficient of resistance of the galvanometer coil makes the resistance of the coil a matter 
of importance if independence of variations of ambient temperature is sought. 

This is shown graphically for a particular numerical example by fig. 1, p. 224, of a paper by Wenner on 
Gensel Design of Critically Damped Galvanometers; Bull. Bur. Stds., 13, 1916; Scientific Paper No. 273. 
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part of this paper shows, first, that one can to a large extent ignore the 
traditional statement concerning the condition for maximum working 
sensitivity, and being free from this supposed limitation may select 
a galvanometer having an external critical damping resistance most 
nearly equal to the resistance of the apparatus with which it is to be 
used. As moving-coil galvanometers are now made this would 
usually mean choosing a galvanometer having a net coil resistance of 
say from one-third to one-tenth of the resistance of the connected 
apparatus. Such a galvanometer will require a minimum amount 
of reduction of sensitivity to effect the desired kind of damping and 
may easily have several times the working sensitivity of a similar 
galvanometer chosen according to the traditional rule, but requiring 
an excessive amount of series resistance to effect the desired damping. 

It may be pointed out that for some applications a heavily over- 
damped galvanometer is desired in order to smooth out transitory 
fluctuations and give an average value. The preceding analysis 
shows that for this case also one may largely disregard the traditional 
rule and select a galvanometer having a net coil resistance several 
times the resistance of the external apparatus, and thus secure the 
desired overdamping with relatively small loss in working sensitivity. 
In so doing it should be kept in mind that the effect of changes of room 
temperature will be relatively large. If independence of room- 
temperature variations is necessary, the resistance of the galvanometer 
coil must be only a fraction “ of the total resistance and the necessary 
overdamping must be obtained by winding the coil on a damping 
frame. 

The use of a damping frame, coil, or rectangle (case (a)) is usually 
confined to the original construction of the galvanometer and does 
not lend itself readily to subsequent alterations. Properly applied 
it makes it possible to produce galvanometers which have a very 
large ratio of total critical damping resistance to coil resistance. 
Such galvanometers are usually of high current sensitivity and are 
suitable for work (such as insulation testing by the direct-deflection 
method) where the external resistance will be so large that the ordi- 
nary coil damping is negligible. 


VI. CONSTRUCTIONAL LIMITATIONS 


The theoretical treatment of the problem in this paper has neglected 
for generality, certain practical limitations which operate to modify 
the results obtained in actual galvanometers. It is probable that 
the maker usually limits himself to wires of certain standard diame- 
ters with corresponding standard thicknesses of insulation. There 
must be an integral number of turns per layer, and (what may be 
more important) an integral number of layers in the coil. In conse- 
quence, when a particular size of wire is used the theoretical number 
of layers for the assigned radial depth of winding might be, say, 4.6. 
In this case 4 layers will have to be used if 5 would cut down the 
clearances between the coil and the pole pieces and core below the 
permissible minimum. It will, therefore, be realized that in checking 
the performance of a line of galvanometers which nominally differ 
only in resistance some variation from the theoretical performance 
must be expected, especially for coils of low resistance made of coarse 
wire. 





4 Ht. B. Brooks, Trans. Am. Inst. Elec. Engrs., 39, pp. 514-515; 1920. 
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The maker sometimes intentionally weakens the magnet of one or 
more galvanometers of a given series, all nominally alike except as to 
resistance, in order to get for these exceptional ones particular values 
of external resistance for critical damping. Also, in some groups of 
moving-coil galvanometers the volume of wire composing the coil 
varies greatly within the group, the tendency being to use larger 
volumes for the coils of finer sizes of wire, for which the microampere 
sensitivity is the important feature. In such cases one can not expect 
the performance to follow a law which includes the assumption of 
identical volumes of wire in the coils. 

If galvanometers are nominally alike, except as to resistance and 
period, the values of their current sensitivities should be reduced to 
the basis of a common period before their working sensitivities are 
compared by the method given in this paper. This reduction is made 
by using the relation that when other things are equal the deflection 
per microampere increases as the square of the period. 


VII. PRACTICAL CONSIDERATIONS 


Some of the practical advantages which may be derived from the 
very flat maxima of the relations shown by the curves of Figure 2 
are as follows: 

(a) The galvanometer maker can restrict the number of standard 
windings to comparatively few and still meet nearly all ordinary 
requirements. 

(b) The user can purchase galvanometers of a correspondingly 
small number of values of resistance, which values may be widely 
different, with the knowledge that the galvanometers will serve for 
all but extraordinary needs which require the construction of special 
galvanometers. 

(c) Since the user has so much latitude in the matter of galva- 
nometer resistance he can select the one having a value of external 
resistance for‘critical damping most nearly equal to the actual external 
resistance. This reduces to a minimum the time required to obtain 
a reading, and conserves a certain amount of sensitivity that might 
otherwise be lost by the use of shunt or series resistance to obtain 
proper damping. ‘This consideration of proper damping is a very 
important one and will often govern the choice. 

The function expressed by ‘equation (18) and plotted as curve A 
in Figure 2 has an interesting property which is evident from the form 
of the right-hand member of the equation, namely, that the same value 
of relative sensitivity F/F,., will result for any given ratio G/R or 
for its reciprocal R/G. That is, if a given percentage of the maximum 
sensitivity is obtained when the resistance of the galvanometer coil 
is m times the resistance of the external circuit, the same percentage 
will be obtained when the galvanometer resistance is 1/m times the 
external resistance. Since galvanometers of lower resistance, being 
wound with coarser wire, are less liable to damage by accidental 
overload, and have some other advantages, such as higher microvolt 
sensitivity when used with bridges of low resistance, one would 
naturally choose galvanometers of lower resistance and equal working 
sensitivity, except as the consideration of damping might prevent. 


WasHINGTON, August 21, 1929. 
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HEAT CAPACITIES IN SOME AQUEOUS SOLUTIONS 
By Frederick D. Rossini 


ABSTRACT 


The problem of properly evaluating the heat capacities of the constituents of 
aqueous solutions is discussed, and the methods of calculating, from specific 
heat data possessing the necessary qualifications, the apparent molal heat capacity 
of the solute, the partial molal heat capacity of the solute, and the partial molal 
heat capacity of the H2O are given. 

These partial molal quantities, evaluated from the specific heat data of Rich- 
ards, et al., on aqueous solutions of hydrochloric acid, sodium hydroxide, acetic 
acid, sodium acetate, calcium chloride, barium chloride, citric acid, monosodium 
dihydrogen citrate, disodium monohydrogen citrate, and sodium citrate are 
given in tabular and graphic form. 

The importance of the results in interpreting the behavior of ions and molecules 
in aqueous solution and their relation to the Debye-Hiickel theory of strong 
electrolytes are discussed. 
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I. DEFINITIONS 


In this paper the following symbols and definitions will be used :'? 

m is the molality in moles of solute per 1,000 g or 55.508 moles of 
H,O. 

Cp is the heat capacity of a system composed of 1,000 g of H,O 
and m moles of solute. 

Cp, is the partial molal heat capacity of the solute. It is the 
change in the heat capacity of a very large amount of solution of a 
given concentration on the addition of 1 mole of solute, the amount 
of solution taken being so large that the added solute does not appre- 
ciably change the concentration. Or, it is the change in the heat 
capacity, per mole of solute added, of a small amount of solution on 
the addition of such a small, but measured, amount of solute that the 
concentration is not appreciably changed. 


« 6¢ 
Cn, = (1a) 


Cp, is the partial molal heat capacity of the H,O in the solution, 


defined analogously to cp,, by substituting in that definition, H,O 
for the word solute. In the following equation, n; is the number of 
moles of H,0. 

3: je 
ig On, 


(1b) 





1 Lewis and Randall, Thermodynamics, McGraw-Hill Book Co., New York; 1923. 
? Randall and Rossini, J. Am. Chem. Soc., 51, p. 323; 1929. 
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The partial molal heat capacity of the H,O in a given solution less 
the molal heat capacity of pure H,O at the same temperature is 
Cp, Cr," the relative partial molal heat capacity of the H,O. 

¢, is the apparent molal heat capacity of the solute. It is the heat 
capacity of that amount of solution which contains 1 mole of solute 
minus the heat capacity of an amount of pure H,O equivalent to 
that in the given solution. 

Cp— 55.508 Cr? 
oo= 





m 


II. INTRODUCTION 


A study of the heat capacities of the constituents of aqueous 
solutions of strong and of weak electrolytes serves to throw addi- 
tional light upon “the problem of predicting the behavior of these 
substances when placed in an environment of water molecules. 

In an ‘‘ideal’’ solution of two substances, at a given temperature, 
each will have, by definition, at all concentrations, the same heat 
capacity and the same heat content which it possesses in the pure 
condition in the same physical state. Deviations from this simple 
principle of additivity of heat capacities will depend upon the inter- 
molecular and electrostatic forces which are brought into play when 
the two substances mixed together do not form an ‘‘ideal”’ solution. 
If one of the substances in the pure state is highly associated, then 
admixture with a second kind of molecules may increase or decrease 
this association, resulting in a consequent change in the heat capacity 
of the first substance. If one of the substances when in the solution 
consists of charged particles, these charges will bring about a marked 
change in the heat content and the heat capacity of the system, as 
is the case with ions in water. 

With liquid water as the solvent we deal with a substance which 
in itself shows somewhat abnormal properties, and it is important, 
in a study of the heat capacities of the constituents of aqueous 
solutions, that the abnormalities present in the heat capacity of pure 
water be eliminated in determining the contributing heat capacity 
of the solute at any given concentration and in determining the 
difference between the heat capacity of H,O in the given solution 
and the heat capacity of pure H,O. The properties which we shall 
study are (1) the partial molal heat capacity of the solute at the 
given concentration; and (2) the relative partial molal heat capacity 
of the H. 20; that is, the partial molal heat capacity of H,O at the given 
concentration less the molal heat capacity of pure H.O at the same 
temperature. 

The data resulting from a study of the apparent molal heat ca- 
pacity of the solute and the partial molal heat capacities of the 
solute and of the H,O in aqueous solutions have an immediate prac- 
tical convenience. The apparent molal heat capacity of the solute 
can be used to calculate the heat capacity or specific heat of any 
given solution without the ambiguity which ordinarily exists, in 
specific heat data found in the literature, as to the relation of joules 
to calories or as to the particular kind of ‘calorie which has been used 





" § The superscript zero on any symbol refers to that property at infinite dilution. “cP,° is the heat capac- 
ity of 1 moleof pure H30. ¢-°( =CP,°) isthe apparent (or partial) heat capacity of one molecule of the 
solute in an infinite amount of water multiplied by N, the number of molecules in a mole, 
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as the unit of energy. The somewhat muddled state of many of the 
existing data on the heat capacity or specific heats of aqueous solu- 
tions could be avoided entirely by reporting the apparent molal heat 
capacity of the solute in the water solution for the desired concen- 
trations. This information gives directly the relatively small dif- 
ference between the heat capacity of a given amount of solution and 
the heat. capacity of an amount of pure H,O equivalent to that in 
the given solution. 
Given the two systems: 


A B 
1,000 g HO. 1,000 g H,O plus m moles of 
solute. 


CP. 4) = 55.508 Cp,° Crrp) = 55.508 Cp,° + Moe 


The difference in the heat capacity of A and B is: 
— Cera) =ACp=mdc (3) 


Y 
P(B) 


ACp is, except for extremely large values of m, small compared to 
p.4, OF Cp.g,; and may be negative or positive. For most dilute 
solutions of electrolytes, the value of AC> is less than 0.02 of the value 
of Cp.4. When the desired value for the heat capacity of pure 
water is chosen, the heat capacity of the given solution can be calcu- 
lated to as high a degree of precision as the heat capacity of pure 
water is known.* 

The heat capacity of a given solution can also be calculated from 
the relation: ° 


Op= 55.508 Gp, +m ep, (4) 


The partial molal data also possesses importance in that ¢p, and 
Cp, are, respectively, the temperature coefficients of the heat content 
of 1 mole of solute and of 1 mole of H,O in the given solution. One 
of the immediate uses of Cp;—Cp,°, the relative partial molal heat 
capacity of the H,O, is in the calculation of activity coefficients for 
substances in water solution at any desired temperature from freezing 
point data on the same solutions. 

In lieu of the calorimetric experiments made expressly to determine 
the ACp of equation (3), the values of cp, and ¢p, can be determined 
by recourse to specific heat data of high precision. T. W. Richards 
and his coworkers have determined the total heat capacities or 
specific heats of many aqueous solutions. These data have been used 
in this paper to calculate values of ¢., ¢p,, and ¢p,—¢p,° for 10 
different substances. 





‘In calorimetric determinations of the heat capacity of liquids, and especially of aqueous solutions, it is 
advantageous to include pure water as one of the liquids studied. The accuracy of the investigator’s final 
results is determined by (a) the precision of his measurements and (6) the accuracy with which his cali- 
brated reference standards reproduce the international standards. Any uncertainty with regard to (6) 
can be eliminated by reporting the final results in such a form as to eliminate the (6) element. This can 
be accomplished as follows: If cw is the value found for water and c, the value for some other liquid, then the 


ratio “ should be given. If, however, cw—c, is less than one-half cy, the measurements should be carried 


out differentially and the ratio should be reported. If the liquids measured are all dilute aqueous 


ww 
solutions and c.—c, is known with a materially less accuracy than cw, it will suffice to measure and report 
simply the difference cw—c, or the quantity ACp defined above. 
By reporting results in the above form the investigator conserves all of the precision of his technic and 
his data are at any time convertible into energy units by utilizing the at-the-moment best value for cw. 
5 See footnote 1, p. 313. 


Cwo—Cs 
c 
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III. METHODS OF CALCULATION 


The methods of calculation are, with slight modification, those 
employed by Randall and Rossini.° 
If sp. ht. is the heat capacity per gram of solution, then 


= (sp. ht.) (1,000+m [molecular weight of solute]) (5) 


When (> is determined in this manner, ¢, can be calculated by 
equation (2). It is important in this latter calculation that the 
proper value of ¢p,° be used, else serious errors will result. 


To determine oh the equation derived by Randall and Rossini° 
is employed: 


— 1 1y2_ Ibe _ ' 
Cry bet am dm) (6) 


This relation can be proved very simply. A rearrangement of 
equation (2) gives 
Cp — 55.508 Cp,° mo, (7) 


Differentiating with respect to m, we have 


dCr_, ,. db 
dm oct m mdm 


Noting that =f is Cp,, and substituting 2m"d(m'") for dm in the 


last term on the right, we obtain equation (6) directly. 

¢- is plotted as ordinate against m'? as abscissa, and the value Cp, 
for any given value of m’” is equal to the ordinate of the curve at 
that point plus one-half of the abscissa into the slope of the curve at 
the given point. 

The partial molal heat capacity of the water can be expressed most 
conveniently in terms of ¢p, - -Cp,° as this eliminates any ambiguity 


which may result if the value of ¢»,° is inadvertently omitted from 
the resulting data of a table giving values of ¢p,, or if a different 
value of ¢p,° is desirable. 

Cp,—€p,° can be obtained from the same plot of ¢, against m’? 
because 


do 
ee 1/2 c 
"$5. sans” dm) (9) 


The term in parenthesis has already been evaluated for given 
values of the molality in determining ¢cp,. There simply remains 


the multiplication of the value of this term by 5-555 and the value 
of Cp,—C°p, is immediately given. Equation (9) is proved as 
follows: 
Substituting (4) into equation (7) we find 7 
55.508 tio cr a m dined Crs) (10) 








6 See footnote 2, p. 313. 7 See footnote 2, p. 313. 
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But from equation (6) 
" 1 dd, 
$c Cp, = -G m™m a = 4) (11) 
When (11) is substituted into equation (10), equation (9) results. 


IV. THE DATA ON WHICH THE CALCULATIONS ARE BASED 


A calculation of ¢,, the apparent molal heat capacity, from specific 
heat data for dilute solutions subjects those data to a rigorous test 
of their precision. In the case of strong electrolytes, sufficiently 
precise data will give values of ¢, which, when plotte d against the 
square root of the molality, fall on a smooth, nearly straight curve, 
with the deviation of the plotted points from the curve “gradually 
increasing as infinite dilution is approached. This naturally increas- 
ing deviation with dilution is due to the fact that while the deviations 
would be uniform throughout for values of AC, of equation (3), 


AC, , se 
values of 6{ =" are the ones actually plotted. For specific heat 


data which do not have a precision as good as 1 in 10,000 a haphazard 
distribution of values of ¢, for small concentrations will result. 

This paper gives results obtained by computing ¢, with equations 
(5) and (2); plotting ¢, wey mie; calculating Cp, by using equation 
(6); and determining ¢p,—cp,° by using equation (9). 

The data used in the Bs Soin were taken from the work of the 
late T. W. Richards and his collaborators. Richards and Hall & 
measured directly the heat capacities of sodium hydroxide solutions, 
while Richards and Gucker ® obtained specific heat values for solu- 
tions of sodium hydroxide, acetic acid, and sodium acetate by measur- 
ing heats of dilution at two temper ratures. Richards, Mair, and 
Hall reported specific heat values for hydroch lorie acid solutions 
by measuring three concentrations directly and determining the heat 
capacities of the more dilute solutions from the temperature coefficient 
of the heat of dilution. Richards and Mair," with the aid of some 
direct heat capacity measurements by Richards and Gucker,” 
determined the heat capacities of aqueous solutions of citric acid, 
monosodium dikydrogen citrate, disodium monohydrogen citrate, 
and sodium citrate from the temperature coefficient of their heats of 
dilution. Richards and Dole™ determined the heat capacity of 
calcium chloride and of barium chloride solutions from direct measure- 
ments of a concentrated solution of each and from the temperature 
coefficient of the heat of dilution of the more dilute solutions. 

The method employed by Richards, et al., in determining these 
specific heats can best be explained by consideri ing their procedure i in 
the case of a particular substance, say CaCl): The heat capacity of a 
solution of CaCl,.50H,O was directly measured at 20° and at 25° C. 
Then the heat of dilution of CaCl,.50H,O with 50H.O was measured 
at the two temperatures. Since the heat capacities of the factors 
are known, the temperature coefficient of ‘the heat of dilution can be 








§ Richards and Hall, J. Am. Chem. Soc., 51, pp. 507, 731; 1929. 
* Richards and Gucker, J. Am, Chem. Soc., 51, p. 712; 1929. 

10 Richards, Mair, and ‘Hall, J. Am. Chem. "Soc., 51, p. 727; 1929. 
11 Richards and Mair, J. Am. Chem. Soc., 51, p. "740; 1929. 

12 Richards and Gucker, J. Am. Chem. Soc., 47, p. 1876; 1925. 

13 Richards and Dole, J. Am. Chem. Soc., 51, p. 794; 1929. 
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used to calculate the heat capacity of the solution produced, CaC)..- 
100H,O. Then the heat of dilution of CaCl,.100H,O with 100H,0 
was measured at the two temperatures; and the procedure was con- 
tinued down to CaCl,.3200H,0. 

There is a slight danger in basing calculations of ¢, upon indirect 
measurements of this type, because, in going from the concentrated 
to the dilute solutions, any small error becomes geometrically pro- 
gressive in magnitude with increase in dilution. Such an error might 
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Ficure 1.—Apparent molal heat capacity, ¢., plotted against the square root of 
the molality 
The curves are drawn for 25° C. Theexperimental data are: 0, Richards, et al., at 20° C.; s Richards 
c 


et al., at 16° C.; O, Randall and Ramage at 25° C.; A, Wrewsky and Kaigorodoff at 20.5° C.; A, Ma 
rignac at 22° C.; @, Thomsen at 18° C. 


’ 


not be detected on the plot of ¢, against m'? because such a progressive 
error would result in a raising or lowering of the entire ¢, curve in 
the dilute region. 

From the specific heat data on solutions of NaOH, HCl, HC,H,0,, 
and NaC,H,0, values of ¢, at 16° and 20° C. were calculated. These 
are plotted in Figure 1, and the curves are drawn from values of ¢, 
extrapolated to 25° C. from the known values at 16° and 20° C. 
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The data on H;C,H;0,, NaH,C,H;0,;, Na.HC,H;0;, and Na;C;H;0, 
were given for 18° C., and the ¢, values for this temperature are 
plotted 1 in Figure 2. 

Figure 3 shows the ¢- Values for CaCl, and BaCl, at 25° C. 

Wherever possible, values of ¢, in the dilute range calc ulated from 
the direct measurements of other investigators were used in locating 
the ¢, curve. The dilute end of the ¢, curve for HCl, as cale ‘ulated 
from the data of Richards, Mair, and Hall,'* seemed to be too high. 
Recourse was had to the data of Marignac,” Wrewsky and Kaigoro- 
doff,’* and Randall and Ramage,” on HCl. For NaC.H,0, the curve 
in the dilute region seemed somewhat low, and the extrapolation to 
infinite dilution was made by neglecting the values of several of the 
most dilute solutions. 


V. THE CALCULATED RESULTS 


In Tables 1 and 2 are given the calculated values for ¢,, ¢p,, and 
Cp,—¢p,°. Table 1 gives the results for aqueous solutions of HCl, 
HC; »>H;,0., NaOH, NaC,H,0., CaCl,, and BaCl, at 25° C, while Table 
2 gives the calculated data for H,C,H,;O,;, NaH,C,H;O,, Na,H( 6H ;O0;, 
and Na3C,H,O, solutions at 18° C. At the end of Table 1 are given 
some data on CaSQ,, which are explained in Section VI of this paper. 

In Figure 4 values of ¢p, at 25° C., for HCl, NaOH, HC.H;0,, 
NaC,H,O,, CaCl, and BaCl, are plotted against the square root of 
the molality. Figure 5 shows values of cp, at 18° C., for H;CsH;0,, 
NaH.C,H,;O;, Nas,HC,H;O;, and Na;Cs,H;O, plotted against m?. 
Figure 6 shows values of ¢p,—¢p,° plotted against m*”? for solutions of 
HCl, NaOH, NaC,H,0,, CaCl, and BaCl, at 25° C, and NaH,C,H;0,, 
Na,HC,H;O,, and Na;C,H;O, at 18° C. 


VI. DISCUSSION 


In the case of the strong electrolytes, the ¢, against m'”? curves 
were extrapolated from a concentration in the neighborhood of 0.02 
or 0.04 molal to infinite dilution on the assumption that no abrupt 
change occurs in the values of the apparent molal heat capacity as 
the ions pass from this molality to infinite dilution. The measure- 
ments of Richards and Dole on BaCl, were carried down te 0.0087 
molal and showed no abnormality in the measured values other than 
that due to the natural errors in the experiments. The values of 
Cp, and ¢,° so found from these data are probably uncertain to 10 
or 20 joules, and in the case of Na;CsH;O, the uncertainty may be 
greater than this. 

The ¢, curves for the weak electrolytes HC,H;0., H;C,H;O,, 
NaH.C,H;O;, and Na,HC,H;O, were not extrapolated in the above 
manner as, even in the most dilute solutions measured, the dissocia- 
tion was very small, The values of ¢,° and ¢p,° for these substances 


at infinite dilution were calculated from the values for the sum of the 
ions. ‘This indicated a very sudden drop in the value of ¢, and ¢p, 


in the extremely dilute range. 
ar ‘See footno te 10, p. ‘317. 
1’ Marignac, Oeuvres Complets, 2. 
. Wrewsky and Kaigorodoff, Z. Physik. Chem., 112, Pp. 83; 1924. 
7 Randall and Ramage, J. Am. Chem. Soc., 49, D. 93; 1926. 
i See footnote 13, p. 317. 
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Figure 2.—Apparent molal heat capacity, ¢., plotted against the 
square root of the molality, at 18° C. 


From the experimental data of Richards and Mair 
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From the data of this paper, 


CP som = CP° gary + OP on = 
CP” (gacgttg02) fa CP* reat) 7 CP” osmor ui 
Subtracting these equations, one finds 
CP° eat 302°) — Cp og = 169 j (14) 
In like manner one can find from the values for BaCl, and CaCl, 


2? a al . f& 
CP (catty OP (par — 21 J (15) 
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Figure 3.—Apparent molal heat capacity, ¢,, plotted agains! the square 
of the molality, at 25° C. 


From the experimental data of Richards and Dole 


The values in Table 3 were found in the above manner by combin- 
ing the data of this paper with those of Randall and Rossini.'® This 
table gives all the known values of ¢p,°. The evidence corroborates 
the conclusions of the former work,'® in that for simple ions of the 
same group, Cp° becomes more negative with increase in atomic num- 
ber (or mass), while for simple ions of the same period, ¢p° becomes 
more negative with increase in atomic number (or charge). 





9 See footnote 2, p. 313. 
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TABLE 1.—Heat capacities in aqueous HCl, NaOH, NaC,H;0:, HC:Hs0-, CaCl,, 
BaCl,, CaSO, solutions at 25° C. 
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m | 
moles | 
per 


NaOH 





HC3H302 
(Acetic acid.) 


| 
| 
| 


TABLE 2 


HsCeHs507- 
(Citric acid.) 

.10 

. 20 


35 
50 
1.00 
NaH2CeHs07--| 0 
(Monoso- 
dium di- 
hydrogen 
citrate.) 





'e 
joules 


| —135 
| —133 
| —130 


—127 
—124 


—39. f 
22. 


“Je 


(163) 
166 
167 
167. 
167 


166. 
165 
163. 8 
161. ! 
159. 


joules 
per 
mole 

| per 
| degree 


(—264. ) 
292 
| 204 


299 
302 


310. 4 | 


(—226) 
195 
214 
235 


58 
276 
298. | 
316.7 





| 
| 
| 
| 
| 
| 
| 


| 
| 


| 
} 
| 
5 | 


CP, 
joules 
per 
mole 
per 
degree 


_—Heat capacities in 


CP,—CP,° 
joules 
per 
mole 
pel 
degrve 








aqueous 


2 || 
76 |I 
| 


| 


q ] NaC2H302 
. 0002 || 


(Sodium ace- 
tate.) 


ORs cacwccs 


| BaCls 


| 
| CadO4 





| 


H;Ce6H 507, 





NaH, 


| 


m 
moles 
per 


ge 
joules 
per 
mole 
per 
degree 


54 
58 
62 
67 





GH 507, 


NasC HO; solutions at 18° C. 


CP, 
joules 
per 
mole 
per 
degree 


(~— 
7 
301 


306 
311 
319 


326. 0 


\(- — 226) 
211 
239 
272 


3 
358 
387. ( 


cp — 
— s 
f+: 


per 
degree 





| 
| 


"a fe PE 


| 
| 


(Disodium 


drogen ci- | 
trate). 





Na3CeHs507--- 
(Sodium ci- 
trate.) 


| 


| 
| 
} 
| 


NaH CeHs07- rt 


monoby- | 


? 


| 
| 
| 
|: 


Pe 
joules 
per 
mole 
per 
_ tare 


m 
moles 
per 

1,000 g 
20° 


0 wes 

. 04 95 
126 
163 


204 
236 
275 
305. 5 
—150 
—110 
—66 
—15 
49 
116 
163 


1. 
0 











CP, 
joules 
per 
mole 
per 
degree 


54 
60 
66 
74 
&4 
96 


105 


— 230 


| CP,~CP,° 

| joules 
per 
mole 
per 

| degree 


| 0.0000 
| —. 0004 
| —. 0032 
| 0131 
} . O387 
| —, 0041 


. 1672 
31 
. 494 
. 970 
542 
. 0000 
. 0009 
. 0070 
. 0287 
. O81L8 


. 1916 
. 3315 
. 636 

O17 

. 0000 
. 0010 
. 0082 
. 0330 
. 0965 


. 2600 
. 460 
. 918 
. 500 


. 0000 
0036 
—, 0067 


NasHCsH 501, 


CP, 
joules 
per 
mole 
per 
degree 


(—188) 
121 
169 
227 


287 
329 
378 
414.5 





| 
| cp P,-CP,° 
| joules 
per 
mole 
per 
| degree 


. 0000 
. 0186 
. 0775 
. 2315 
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TaBLe 3.—Summary of values of ¢p,° at 25° C} 
[In joules per mole per degree] 





C2H309- NOx | Cl- 





—50. 0 | —97.5 25); —-104.0} 
72.0| —119.5 | .5 | —126.0 

—87 "| —134 | 3¢ —140 

=e —2772 | —22 | —285 


} 
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Co ompiled from this w ork and t that o of Randall ond Rossini (see footnote 22, p. 326) 


Table 4 gives the cp,° values for Na;CsH;O; and for the sum of 
the ions of the other citrates at 18° C. 


TaBLE 4.—Some values of Ep,° at 18° C 


[In joules per mole per degree] 
| 3Nat +CeHs077-"° | 
2Nat+ HetC sas0r7 <=" 
| Nat-+-2Ht++CsHs507° "> - 
3H++CoeHs07°="= _- 


| 

The values for CaSQ,, which are given at the end of Table 1, were 
found by taking ¢p,° from Table 3 and drawing a curve from this 
point to m=0.015, using the slope predicted by the theoretical equa- 
tion of Randall and Rossini” corrected by a factor agreeing with the 
observed deviations from the predicted values. As the solubility of 
CaSO, is about 0.015 mole per liter, this gives a precise method of 
determining the heat capacity of CaSO, solutions without the use of 
an extremely precise calorimeter. An error of 20 joules in the value 
of ¢, for 0.01 molal will make an error of 1 in 20,000 in the value of 
the heat capacity of 0.01 molal CaSO, solution. The solubihty of 
i is about 10~° mole per liter. The data given in Table 3 tell us 
that the heat capacity of 1,000 g H,O is oreater than the heat ca- 
pacity of 1,000 g H,O plus 10-5 mole BaSQO, by 0.003 joule, or 1 in 
1,400,000. 

The values of cp, for weak electrolytes, from the concentrated 
region down to the molalities where they are still very little ionized, 
approximates the heat capacity of the pure substance when alone in 
the liquid state. cp, for 1 mole of HC,H;O, is 167 joules at 0.04 molal 
while the heat capacity of 1 mole of pure HC,H;0, in the liquid state 
is 123 joules. The difference is probably due to the fact that the 
acetic acid molecules are less associated in the solution, and, conse- 
quently, have a greater heat capacity than in the pure liquid state. 

In Figures 4 and 5, the upper extrapolation to infinite dilution, in 
the curves for the weak electrolytes, is the one that would be made 
without additional measurements in the more dilute range or without 
a knowledge of the values of ¢cp° for the ions at infinite dilution, and 
gives approximately the value of ¢p° for the undissociated molecule 
at infinite dilution. The lower broken line in each case shows the 
extrapolation to the value of €p,° calculated from the sum of the ions. 
The smaller the dissociation constant, the steeper is this drop of ¢, 
and €p, in the region adjacent to infinite dilution. The path of this 


extrapolation 1 is uncertain, without additional measurements. 





” See footnote 2, p p. "313, 
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With a precise differential calorimeter of the type used by Randall 
and Rossini,” satisfactory values of ¢, could be determined at con- 
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Figure 4.—Partial molal heat capacity of the solute, Cp,, plotted against the 


square root of the molality at 25° C. 


centrations as low as 0.01 or 0.02 molal. If a weak electrolyte were 
about 50 per cent or more dissociated at this concentration, measure- 
ments of ¢, for this electrolyte would show this drop, although the 





*1 See footnote 2, p. 313. 
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change would not be as abrupt as in the case of the very weak elec- 
trolytes. Combinations of substances which would show this change, 
and for which values of ¢, at these low concentrations could be deter- 
mined, include the sulphates, Na.SO,, NaHSO,, and H.SO,, and the 
oxalates, NasC.0,, NaHC,O,, and H,C,0,, Curves for H,C,O, and 
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Figure 5.—Partial molal heat capacity of the solute, Cp,, plotted against the 
square root of the molality at 18° C. 


H,SO, would definitely show the abrupt increase in the value of ¢, 
and ¢p, with the rapid decrease in ionization as we go from infinite 
dilution to the dilute region. 

The ¢, curve for Na;C,H;O; was extrapolated to infinite dilution as 
in the case of strong electrolytes, while the values of ¢° and ¢p,° for 
the other citrates were obtained from Tables 3 and 4. The limiting 
slope of the ¢p, curve for Na;C,H;O; is about 500 (joules against 
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m‘*), while from the theoretical equation for ¢p,—cp,° derived by 
Randall and Rossini ” this slope for a unitrivalent salt should be 
about 370. In their results on uniunivalent and biunivalent salts, 
Randall and Rossini also found that the observed slopes were some- 
what larger than the predicted ones. Their theoretical equation 
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Ficure 6.—Relative partial molal heat capacity of 
H,0, Cp,—€p,°, plotted againsi the 3/2 power of the 
molality 


All the curves are for 25° C., except those for the three citrates which are 
for 18° C, 


derived on the basis of the Debye-Huckel theory of strong electrolytes 
and evaluated for 25° C is: 


Cp, — €p,° =8.95 (2,2,7)*?m'? (joules per mole per degree) (16) 


Here »; is the number of ions of the ith kind furnished by the given 
molecule and 2; is the charge on the ith kind of ions. 

The limiting slopes for the BaCl, and CaCl, curves of ¢p, against 
m'/? are about the same order of magnitude as the slopes previously 
observed * for Na,SO, and K,SO,. Equation (16) predicts identical 
slopes for all these biunivalent or unibivalent electrolytes. 


22 See footnote 2, p. 313. 
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In Figure 6 are plotted values of ¢p,—cp,° against m*”. It can 
be shown * that if ¢p,—Cp,° is a linear function of m'”, then cp, —¢p,° 
is a linear function of m*”, Starting with the partial molal equation,” 


mde p, + 55.508 dcp, = 0 (17) 


substituting the value of cp, from equation (16), and integrating 
(17), one finds * for 25° C.: 


Cp, —€p,° = — 9.0537 (2»,2,?)"?m*? (joules per mole per degree) (18) 


Theoretically, the slopes of €p,—¢p,°- against m*” should in the 
dilute region be those predicted by equation (18). As in the case of 
the Cp, curves, we find the observed slopes to be somewhat greater 
than the predicted ones, although the curves for electrolytes of the 
same type occur together and the slopes increase with increase in 
the value of the factor (2y,27). 


TABLE 5.—Temperature coefficient of cp, at 15° to 25° C. 


dép, 
ar 
Range of molality (joules per 
mole per 
degree per 
degree) 
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Table 5 gives the temperature coefficient of ¢p, for some of the sub- 
stances dealt with in this paper. It will be noted that, in the case 


Cp. 
of the strong electrolytes, the value of a7 is about the same for sub- 


stances of the same valence type, and that this value increases with 
increase in the number of ions and with increase in the charge on the 
ions. 
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*) See footnote 17, p. 319. 
4 See footnote 1, p. 313. 
* An equation for ¢r, was derived by Lange and Messner, Z. Elektrochem., 33, p. 431; 1927. 
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